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SUMMARY
In  Chapter 1 we d e s c r ib e  th e  m o t iv a t io n  f o r  the  development 
of a new model f o r  the sp read  of i n f e c t i o u s  d i s e a s e s ,  we d e f in e  the  
s t a t i s t i c a l  problem and b r i e f l y  rev iew  some e x i s t i n g  models.
In  Chapter 2 we develop a g en e ra l  s t o c h a s t i c  model f o r  the  
sp read  of an i n f e c t i o u s  d i s e a s e  in  househo lds  of two when th e re  may 
be in te rv e n in g  p re v e n t iv e  t r e a tm e n t .  The d i s t r i b u t i o n s  of the  u n d e r ly in g  
e p id e m io lo g ic a l  time p e r io d s  a re  l e f t  a r b i t r a r y ,  w h ile  e f f e c t i v e n e s s  
of the  t r e a tm e n t  i s  c o n s id e re d  to be measured b o th  by the  r e s u l t i n g  
m o d i f ic a t io n  to  in d iv id u a l  s u s c e p t i b i l i t y ,  and by th e  speed w ith  
which i t  can be a d m in is te re d .
Chapter 3 i s  concerned w ith  p o s s ib le  m a them atica l r e p r e s e n t a t i o n s  
of the  q u a n t i t i e s  r e q u i r e d  by the  g e n e ra l  model. A m e d ic a l ly  re a s o n a b le  
assum ption  i s  dem onstra ted  to produce c o n s id e r a b le  s i m p l i f i c a t i o n .
In Chapter 4 a sim ple form of the g e n e ra l  model, in  which the  
le n g th s  of bo th  in c u b a t io n  and l a t e n t  p e r io d s  a re  assumed to  be c o n s ta n t  
between in d i v id u a l s ,  i s  a p p l ie d  to a d e t a i l e d  s e t  of d a ta  f o r  whooping 
cough. Maximum l ik e l i h o o d  e s t im a te s  of the m o d e l 's  p a ram e te rs  a re  
o b ta in e d ,  the  f i t  o f  the model i s  examined and sim ple m edica l im p l i c a t i o n s  
a re  d is c u s s e d .
Chapter 5 i s  concerned w ith  f i t t i n g  some forms of th e  model, 
in  which the  le n g th s  of the  in c u b a t io n  and l a t e n t  p e r io d s  a re  a l low ed  
to  v a ry ,  to  the  whooping cough d a ta .  The f i t s  and p r a c t i c a b i l i t y  
of th e se  forms a re  d is c u s s e d ,  and compared w ith  those  of C hap ter  4 .
In Chapter 6 we sugges t f u r t h e r  i n v e s t i g a t i o n s  f o r  the  whooping 
cough d a ta ,  compare our new model w ith  more e s t a b l i s h e d  o n es ,  and 
c o n s id e r  how the  g e n e ra l  form may be s im p l i f i e d  in  o rd e r  to  app ly  
i t  to some o th e r  i n f e c t io u s  d i s e a s e s .  R e s u l t s  from an e x i s t i n g  d i s c r e t e  
time model which in c o rp o ra te s  t re a tm e n t  e f f e c t s  a re  a l s o  examined.
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CHAPTER 1 : INTRODUCTION
1.1: MOTIVATION FOR A NEW MODEL
In  h i s  a n a l y s i s  of m o rb id i ty  due to  sm allpox in  1760 (see  Gani, 
1978), D an ie l B e rn o u l l i  was one of th e  f i r s t  to  a t te m p t a m a th em a tic a l  
model f o r  th e  sp read  of d i s e a s e .  Many subsequen t a t te m p ts  to  e x p la in  
th e  d is s e m in a t io n  o f  i n f e c t i o u s  ag e n ts  w i th in  communities o f  v a r io u s  
s i z e s  have been made, w ith  v a ry in g  deg rees  o f  s u c c e s s .  In  t h i s  t h e s i s  
a model i s  proposed  and i n v e s t ig a t e d  f o r  th e  sp read  of such an ag en t 
w i th in  househo lds  when p r e v e n t iv e  t r e a tm e n t  may be g iven  to  some 
household  members.
The development o f  th e  new model was m o t iv a ted  by a s e t  of 
d a ta  c o l l e c t e d  d u r in g  a major epidem ic o f  whooping cough in  1979/80, 
when v a c c in a t io n  a g a in s t  whooping cough was r e c e iv in g  c o n s id e r a b le  
m edical a t t e n t i o n .  The r e s u l t i n g  a n a l y s i s  by Grob e t  a l  (1981) 
c o n c e n tra te d  l a r g e ly  on t h i s  one a s p e c t  o f  th e  d a t a ,  and was m entioned  
in  th e  subsequen t r i s k s  and b e n e f i t s  d eb a te  o f  M i l l e r  e t  a l  (1982).
However, th e  d a ta  c o n ta in  a w ea lth  o f  d e t a i l e d  in fo rm a t io n  
about f a m i l i e s  in  which one o r  more ca se s  o f  whooping cough were 
r e c o rd e d .  Appendix A g iv e s  f u l l  p a r t i c u l a r s  of th e  v a r i a b l e s  re c o rd e d  
bo th  f o r  th e  fam ily  index who was th e  f i r s t  member o f  th e  househo ld  
to  show symptoms, and f o r  th e  rem ain ing  s u s c e p t i b l e  househo ld  members, 
termed th e  c o n t a c t s .
Amongst th e  v a r i a b l e s  reco rd ed  f o r  th e  c o n ta c t s  were two concerned  
w ith  th e  a d m in i s t r a t io n  of a p r e v e n t iv e  t r e a tm e n t ,  in  t h i s  c a se  th e  
a n t i b i o t i c  e ry th rom yc in .  A b in a ry  v a r i a b l e  re c o rd e d  w hether o r  n o t  
t h i s  had been g iven  to  each c o n ta c t .  For each  t r e a t e d  c o n t a c t  a 
second v a r i a b l e  U r e p re s e n te d  th e  t im e , in  t h i s  case  m easured in  
days ,  from th e  appearance o f  symptoms in  th e  index  to  th e  c o n t a c t ' s  
p r e v e n t iv e  t r e a tm e n t .  In  th e  multiway c o n t in g en cy  t a b l e  a n a l y s i s
(Grob e t  a l ,  1981), th e  p a t i e n t s  t r e a t e d  w i th  e ry th rom yc in  and th o se  
n o t  g iven  any a n t i b i o t i c s  were an a ly se d  s e p a r a t e l y ,  b u t  th e  observed  
v a lu es  were ig n o red .
Since lo n g - te rm  v a c c in a t io n  and a more r e c e n t l y  a d m in is te re d  
t r e a tm e n t  a re  b o th  concerned w ith  th e  p r e v e n t io n  of d i s e a s e ,  i t  was 
d e s i r a b l e  to  a t tem p t to  model b o th  f a c t o r s  t o g e th e r .  For th e  p r e s e n t  
d a t a ,  th e  e f f i c a c y  o f  v a c c in e  was in  q u e s t io n ,  w h i l s t  e ry th ro m y c in  
i s  a cc ep ted  as  an e f f e c t i v e  drug in  w idesp read  u s e ,  a f a c t  which 
we would hope to  see  r e f l e c t e d  by a r e a l i s t i c  model. However, i t  
i s  env isaged  t h a t  the  proposed  model would a l s o  be used on d a ta  
s e t s  in  which th e  e f f e c t i v e n e s s  o f  a new ly-deve loped  p re v e n t iv e  ■ 
drug i s  to  be measured a g a in s t  th e  background of a proven  v a c c in a t io n  
programme.
The u s e f u ln e s s  of a t r e a tm e n t  may be measured in  two ways.
F i r s t l y ,  i t  ought to  lower the  i n d i v i d u a l ' s  s u s c e p t i b i l i t y  to  d i s e a s e ,
so t h a t  i n f e c t i o u s  ag e n ts  f in d  i t  h a rd e r  to  g a in  a f o o th o ld .  Second ly ,
the  t re a tm e n t  must be g iven  " in  good t im e " ,  so t h a t  th e  i n d i v id u a l
*
has on ly  a sm all p r o b a b i l i t y  o f  becoming in f e c t e d  b e fo re  th e  p r e v e n t iv e  
measure can be ta k e n .  I t  i s  t h i s  second a s p e c t  which poses  an i n t e r e s t i n g  
s t a t i s t i c a l  problem , as w e ll  as  an e s s e n t i a l  m ed ica l one.
1 . 2 : . THE STATISTICAL PROBLEM
We s h a l l  be c o n s id e r in g  d i s e a s e s  which a r e  i n f e c t i o u s  in  th e  
sense  of be ing  cap ab le  o f  t r a n s m is s io n  from an in d i v id u a l  s u f f e r i n g  
from th e  d i s e a s e  ( th e  i n f e c t i v e ) to  one n o t  s u f f e r i n g  ( th e  s u s c e p t i b l e ) 
when th e re  i s  s u f f i c i e n t l y  c lo se  c o n ta c t  between th e  two p e o p le .
In d iv id u a ls  who a re  i d e n t i f i e d  as  b e in g  s u s c e p t i b l e s  (a d i s c u s s io n  
of the  problems o f  such i d e n t i f i c a t i o n  i s  found in  B a i ley  (1975, C h .1 4 ) ) ,  
th e  c o n ta c ts  d e f in e d  in  §1 . 1 , may be g iven  p re v e n t iv e  t r e a tm e n t .
A v e c to r  of c o v a r i a t e s  may be observed  f o r  each in d i v i d u a l ,  
w hether an i n f e c t i v e  o r  a s u s c e p t i b l e .  These c o v a r i a t e s  may in c lu d e  
th e  age of th e  i n d i v id u a l ,  w hether  o r  n o t  he was v a c c in a t e d ,  h i s  
socio-econom ic s t a t u s ,  e t c .  -  in  f a c t ,  any in fo rm a t io n  which may 
a f f e c t  h i s  g e n e ra l  h e a l t h  and p r o b a b i l i t y  of r e s i s t i n g  i n f e c t i o n .
F u r th e r  d a ta  may be c o l l e c t e d  co nce rn ing  th e  appea rance  o f  
symptoms and a d m in i s t r a t io n  o f  p r e v e n t iv e  t r e a tm e n t .  Two random 
v a r i a b l e s  re c o rd  time p e r io d s  o b se rv a b le  d u r in g  th e  p assag e  o f  i n f e c t i o n  
th rough  a household :
U = time from th e  symptoms ap p ea r in g  in  th e  index  to  p r e v e n t iv e  t r e a tm e n t  
be ing  g iven  to  th e  c o n t a c t ,
|S j= tim e from th e  symptoms ap p ea r in g  in  th e  index  to  th o se  a p p e a r in g  
in  th e  c o n ta c t .
NB. The second o b se rv a b le  random v a r i a b l e  i s  d e f in e d  a s  | s | ,  r a t h e r  
than  S, f o r  rea so n s  which become c l e a r  in  C hapter 2.
However, U and |s|  them selves  depend on o th e r  u n o b se rv ab le  
v a r i a b l e s ,  the  b a s ic  e p id e m io lo g ic a l  time p e r io d s  a s s o c i a t e d  w ith  
alm ost a l l  i n f e c t i o u s  d i s e a s e s .  I t  w i l l  be u s e f u l  to  d e f in e  th e se  
b r i e f l y :
T = th e  r e s i s t a n c e  t im e , th e  p e r io d  e la p s in g  betw een th e  c o n t a c t ’ s
f i r s t  exposure  to  i n f e c t i o n  and h i s  becoming i n f e c t e d .
X = th e  l a t e n t  p e r i o d , d u r in g  which th e  d i s e a s e  deve lops  p u re ly  i n t e r n a l l y ,
and th e  c o n ta c t  i s  a " l a t e n t  i n f e c t i v e " .  At th e  end o f  th e  l a t e n t
p e r io d ,  th e  c o n ta c t  becomes " a c t i v e l y  i n f e c t i v e " .
Y = th e  i n f e c t io u s  p e r i o d , d u r in g  which th e  i n f e c t i o u s  organ ism  may 
be d isch a rg e d  to  o th e r  s u s c e p t i b l e s .
Z = th e  in c u b a t io n  p e r i o d , th e  time from th e  r e c e i p t  o f  i n f e c t i o n  
to  th e  appearance  o f  symptoms.
Since th e  a c t u a l  moments o f  i n f e c t i o n ,  o n s e t  and c e s s a t i o n  
o f  i n f e c t io u s n e s s  a r e  n o t  g e n e ra l ly  o b v io u s ,  th e  v a lu e s  o f  th e s e  
random v a r i a b l e s  a re  n o t  o b se rv a b le .  However we should  l i k e  to  make 
in f e r e n c e s  about them, s in c e  the  e f f e c t i v e n e s s  o f  a p r e v e n t iv e  t r e a tm e n t  
depends on bo th  t h e i r  a b s o lu te  and r e l a t i v e  v a lu e s  in  th e  index  and 
th e  c o n ta c t .
Suppose a c o n ta c t  has r e s i s t a n c e  time of  le n g th  t ,  l a t e n t  
p e r io d  of le n g th  x and in c u b a t io n  p e r io d  of le n g th  z ,  assuming t h a t  
he a c t u a l l y  c a tc h e s  th e  d i s e a s e .
Then
t  + z = time e la p se d  between f i r s t  exposure  to  i n f e c t i o n  
and appearance  of h i s  symptoms.
I f  p r e v e n t iv e  t r e a tm e n t  i s  to  be g iv en  to  th e  c o n ta c t ,  i t  w i l l  
be a d m in is te re d  b e fo re  th e  end o f  t h i s  tim e p e r io d  i . e .  b e fo re  i t  
becomes e v id e n t  t h a t  he a l r e a d y  has th e  d i s e a s e .  I f  i t  i s  g iv en  
b e fo re  o r  d u r in g  the  r e s i s t a n c e  tim e t  th en  th e  t r e a tm e n t  may be 
co n s id e re d  to  have been g iven  e a r l y  enough, b u t  t r e a tm e n t  d u r in g  
th e  in c u b a t io n  p e r io d  z may be c o n s id e re d  to  be too  . l a t e ,  a s th e  
i n f e c t i o n  has a l re a d y  begun. The v a lu e s  of X, Y and Z f o r  th e  
index  a re  a l s o  im p o r ta n t ,  as we s h a l l  see  in  th e  d e t a i l e d  ex am in a t io n  
o f  Chapter 2.
In  c o n c lu s io n ,  th e  d a ta  from which.we w ish to  make in f e r e n c e  
about th e  e f f e c t s  o f  p r e v e n t iv e  t r e a tm e n t  c o n s i s t  o f  a r e a l i z a t i o n  
of o b se rv a b le  random v a r i a b l e s  U and | s | .  The v a lu e  o f  | s | ,  
in  tu r n ,  depends on o th e r  u nobse rvab le  random v a r i a b l e s  T, X and 
Z, w h i l s t  a u s e f u l  q u a n t i ty  based  on U (see  l a t e r  D e f i n i t i o n  2 .3 )  
a l s o  in v o lv es  X and Z. Before c o n s id e r in g  th e  e x a c t  n a tu r e  o f  
th e se  r e l a t i o n s ,  we s h a l l  b r i e f l y  su rvey  e x i s t i n g  models f o r  i n f e c t i o u s  
d i s e a s e s ,  and i n d i c a t e /  where a p p r o p r i a t e ,  how th e s e  fu n d am e n ta l ,  
b u t  l a r g e ly  u n o b se rv a b le ,  time p e r io d s  have been r e p r e s e n t e d  in  th e
l i t e r a t u r e .  In  C hapter 6 we s h a l l  i n v e s t i g a t e  in  some d e t a i l  how 
our model r e l a t e s  to  some of th e  models d i s c u s s e d  below, and how 
i t  may be a p p l ie d  to  i n f e c t i o u s  d i s e a s e s  o th e r  than  whooping cough.
1 .3 : MATHEMATICAL MODELS FOR INFECTIOUS DISEASES
We s h a l l  n o t  a t te m p t to  survey  h e re  a l l  th e  m a them a tica l  models 
which have been developed  to  d e s c r ib e  th e  sp read  o f  i n f e c t i o u s  d i s e a s e s  
w i th in  communities o f  v a r io u s  s i z e s .  B a i le y  (1975) p r e s e n t s  a s p le n d id  
rev iew  and b ib l io g ra p h y  o f  t h i s  work up to  about 1973. However, 
i t  i s  i n t e r e s t i n g  b r i e f l y  to  c o n s id e r  how some of th e  models proposed  
have d e a l t  w ith  th e  u n d e r ly in g  time p e r io d s  of i n f e c t i o n ,  and w ith  
p re v e n t iv e  measures such as v a c c in a t io n .
The e a r l i e s t  epidem ic models were l a r g e l y  d e t e r m i n i s t i c  in  
n a tu r e ,  be ing  concerned w ith  la rg e  p o p u la t io n s  of homogeneously m ixing 
i n d i v i d u a l s .  The work o f  Kermack and McKendrick (1927 ,1932 ,1933 ,1937 ,1939)  
and th e  c e l e b r a te d  T hresho ld  Theorem l a r g e ly  dominated th e s e  e a r l y  
e f f o r t s .
However, as  e p id e m io lo g ic a l  d a ta  became more e x t e n s iv e ,  sometimes 
d e a l in g  w ith  much smaller communities than  b e f o r e ,  th e  e lem en ts  of 
chance invo lved  in  the  sp read  of d i s e a s e  n e c e s s i t a t e d  th e  developm ent 
o f  s to c h a s t i c  m odels. These f e l l  b ro a d ly  in t o  two c a t e g o r i e s .
F i r s t l y ,  th e  "con tinuous  in f e c t i o n "  models en v isa g e  an in d i v id u a l  
b e in g  i n f e c t i o u s  from th e  i n s t a n t  he r e c e iv e s  i n f e c t i o n  u n t i l  he 
d i e s ,  r e c o v e rs  o r  i s  i s o l a t e d  ( c o l l e c t i v e l y  r e f e r r e d  to  as  "rem oval11) .
I f  such removal occu rs  as  a P o isson  p ro c e ss  th e n  we have e f f e c t i v e l y  
assumed a  z e r o  l a t e n t  p e r io d  and an e x p o n e n t ia l ly  d i s t r i b u t e d  i n f e c t i o u s  
p e r io d .  B a i ley  (1950,1953a) o b ta in s  d e t a i l e d  l a r g e - s c a l e  r e s u l t s  
bo th  f o r  t h i s  g e n e ra l  case  and the  s im p le r  one in v o lv in g  no removal 
( i . e .  an i n f i n i t e  i n f e c t i o u s  p e r io d ) ,  w h i l s t  pa ram e te r  e s t i m a t io n
i s  c o n s id e re d  by Ohlsen (1964),  Morgan (1965), and B a i ley  and Thomas 
(1971). Hammond and T y r r e l l  (1971) use an a l t e r n a t i v e  form o f  th e  
g e n e ra l  model, where th e  average  d u r a t i o n  o f  th e  i n f e c t i o u s  p e r io d  
i s  c o n s ta n t ,  in  t h e i r  e m p ir ic a l  f i t s  of common-cold ep idem ics  on 
T r i s t a n  da Cunha.
The second c l a s s  of m odels, th e  " c h a in  b in o m ia l"  m odels , assumes 
t h a t  the  l a t e n t  and in c u b a t io n  p e r io d s  may be reg a rd ed  as  ap p ro x im a te ly  
c o n s ta n t ,  and th e  p e r io d  o f  in f e c t io u s n e s s  i s  c o m p ara t iv e ly  s h o r t  
( t y p i c a l l y  reg a rd ed  as  be ing  reduced  to  an i n s t a n t ) .  Thus, new c a s e s  
occur in  a s e r i e s  of g e n e r a t io n s .  Two d i f f e r e n t  views o f  c h a in  b in o m ia l  
th e o ry  were developed  v i r t u a l l y  s im u l ta n e o u s ly  by Greenwood (1931) 
and by Reed and F ro s t  (see  Abbey, 1952). The models have been  deve loped  
and extended  by Greenwood (1949) and B a i ley  (1953b, 1956a), and have 
been a p p l ie d  r e a s o n a b ly  s u c c e s s f u l ly  to  househo ld  d a t a  on m easles  
and fhe common co ld  (L idw ell and Sommerville (1951),  Heasman and 
Reid (1961), B a i ley  (1975, C hapter 1 4 ) ) ,  and to  th e  t r a n s m is s io n  
o f  s t r e p t o c o c c i  in  f a m i l i e s  (Poku, 1979), Sugiyaraa (1961) e x ten d s  
th e  th e o ry  to  a l lo w  f o r  i n f e c t i o n  betw een, as w e ll  as  w i th i n ,  h o u se h o ld s  
and a p p l ie s  h i s  r e s u l t s  to  d a ta  on A sian in f lu e n z a  ep id em ic s ,  w h i l s t  
Gani (1969) and Gani and Jerwood (1971) d em o n s tra te  how Markov c h a in  
methods may be u s e f u l  in  the  s tudy  of ch a in  b in o m ia l  m odels .
More r e c e n t l y ,  a t te m p ts  have been made to  u n i fy  th e  ty p e s  o f  
models d is c u s s e d  above in  more g e n e ra l iz e d  f o r m u la t io n s .  Becker
(1980) p roposes  a g e n e ra l  epidem ic ch a in  model which in c lu d e s  th e  
s t o c h a s t i c  v e r s io n  o f  th e  Kermack-McKendrick model as  a s p e c i a l  c a se  
and th e  R eed-F ros t ch a in  b inom ia l model as  a l i m i t i n g  c a s e .  He a l s o  
p roposes  (Becker, 1981a) a g e n e ra l  ch a in  b in o m ia l  model which c o n ta in s  
th e  Greenwood and R eed -F ros t  models as  p a r t i c u l a r  c a s e s .  These ap p ro ach es  
to g e th e r  w ith  a t h i r d  (Becker, 1981b), concerned  w ith  th e  o v e r a l l  
i n f e c t i v e  p o t e n t i a l  o f  i n d iv id u a l s  w i th in  h o u se h o ld s ,  a r e  a l l  a p p l i e d
to  th e  common co ld  d a ta  o r i g i n a l l y  c o l l e c t e d  by Brimblecombe e t  a l  
(1958) which were p re s e n te d  in  a h ig h ly  lumped form by Heasman and 
Reid (1961), Schenzle  (1982) examines th e  d iv e r s e  n a tu r e  o f  some 
of th e  co n c lu s io n s  reac h ed ,  and remarks t h a t  epidem ic ch a in  th e o ry  
cou ld  y i e l d  a more s a t i s f a c t o r y  i n t e r p r e t a t i o n  of  th e  d a ta  i f  th e  
com plete in fo rm a t io n  from th e  o r i g i n a l  su rvey  were a v a i l a b l e .
O ther models have been proposed  which make d i f f e r e n t  assum ptions  
about th e  u n d e r ly in g  time p e r io d s .  M odified  ch a in  b in o m ia l  models 
in v o lv in g  n o r m a l ly - d i s t r i b u t e d  l a t e n t  p e r io d s ,  and ex tended  c o n s ta n t  
le n g th  i n f e c t i o u s  p e r io d s  have been f i t t e d  to  d a t a  on m easles  and 
i n f e c t io u s  h e p a t i t i s  (see  B a i ley  1956b,1956c and B a i le y  and A l f f -  
S te in b e rg e r ,  1970),
Anderson and Watson (1980) c o n s id e r  a g e n e ra l  epidem ic where 
th e  l a t e n t  and in f e c t i o u s  p e r io d s  a re  each re g a rd ed  as  b e in g  composed 
of a number o f  independen t s t a g e s ,  th e  le n g th s  of which a r e  e x p o n e n t i a l ly  
d i s t r i b u t e d  ( th e  s ta n d a rd  con t inuous  i n f e c t i o n  model may be shown 
to  be a s p e c ia l  c a s e ) . ’ Thus th e  l a t e n t  and i n f e c t i o u s  p e r io d s  a r e  
in d ep en d en tly  gamma d i s t r i b u t e d .  This  model, and one s i m i l a r  p roposed  
by Gough (1977) and based on in te r re m o v a l  tim es from househo lds  o f  
two, may be reg a rd ed  as  s t o c h a s t i c  v a r i a t i o n s  on th e  d e t e r m i n i s t i c  
model proposed by B a i ley  (1964) f o r  sm all  ep idem ics  in  l a r g e  p o p u la t i o n s .  
A ttempts have a l s o  been made to  model th e  e f f e c t s  o f  v a c c in a t io n  
from v a r io u s  v ie w p o in ts .  L a rg e - s c a le  p o p u la t io n  s t u d i e s  have in c lu d e d  
the  d es ig n  of im m unization programs in  o rd e r  to  minimize c o s t s  as  
d is c u s s e d  by Becker (1972), and the  e f f e c t s  o f  a p a r t i a l  m easles  
v a c c in a t io n  program s tu d ie d  by G r i f f i t h s  (1973b),  Optim al c o n t r o l  
th e o ry  methods a re  in c r e a s in g ly  b e in g  emphasized ( s e e ,  f o r  exam ple, 
Dayananda and H ogarth  (1977 ,1978),  L e fev re  (1 9 8 1 ) ) ,  a l th o u g h  th e s e  
r e s u l t s  appea r  to  be m ain ly  o f  t h e o r e t i c a l  i n t e r e s t  r a t h e r  th a n  o f  
g r e a t  p r a c t i c a l  v a lu e .
The e f f e c t s  o f  v a c c in a t io n  o r  im m unization a t  a more i n d i v id u a l  
l e v e l  haye h i t h e r t o  r e c e iv e d  r a t h e r  l e s s  a t t e n t i o n .  G art (1968) e x ten d s  
th e  s im ple d e t e r m i n i s t i c  epidem ic model to  the  s i t u a t i o n  where th e  
i n i t i a l  p o p u la t io n  of s u s c e p t i b l e s  may be d iv id e d  in to  two groups 
hav ing  very  d i f f e r e n t  i n f e c t i o n  r a t e s ,  and th e s e  groups might be 
chosen to  co rrespond  to  th e  v a c c in a te d  and u n v a c c in a te d  members o f  
th e  community. In  a l a t e r  p aper  ( G a r t , 1972) he examines maximum 
l i k e l ih o o d  te ch n iq u e s  a p p l ie d  to  R eed -F ros t  c h a in  b in o m ia l  models 
When th e  p o p u la t io n  may be d iv id e d  in t o  k k in d s  of s u s c e p t i b l e s ;  
th u s  a g a in  we may c o n s id e r  t r e a t e d  and u n t r e a t e d  subgroups w i th in  
th e  d a ta  s e t .
In  t h e i r  work on Markov ch a in  methods a p p l ie d  to  c h a in  b in o m ia l  
m odels, Gani (1969) and Gani and Jerwood (1971) c o n s id e r  how th e  
e f f e c t s  of in o c u la t i o n  on an epidem ic may be r e p r e s e n t e d .  They o b t a in  
some t h e o r e t i c a l  num erica l  r e s u l t s  f o r  th e  Greenwood model : f o r  
a more d e t a i l e d  ac c o u n t ,  to g e th e r  w ith  some r e s e r v a t i o n s  and comments, 
th e  r e a d e r  i s  r e f e r r e d  to  §6 .4 . E lveback e t  a l  (1976) a l s o  c o n s id e r  
m o d i f ic a t io n s  to  in d iv id u a l  s u s c e p t i b i l i t y  in  re sp o n se  to  v a c c in a t io n  
in  t h e i r  h ig h ly  s t r u c t u r e d  s im u la t io n  model f o r  im m unization s t u d i e s .
However, a l l  th e se  approaches  have been d i r e c t e d  tow ards th e  
e f f e c t s  of some type  of t r e a tm e n t  on th e  s u s c e p t i b i l i t y  of th e  i n d i v i d u a l .  
This i s ,  o f  c o u rs e ,  p e r f e c t l y  adequa te  when c o n s id e r in g  th e  e f f e c t s  
o f  p rev io u s  v a c c in a t io n s ,  b u t  no r e f e r e n c e s  have been found which 
c o n s id e r  th e  tim e e lem en t ,  seen to  be so im p o r tan t  when in t e r v e n in g  
p re v e n t iv e  t r e a tm e n t  may be a d m in is te re d .
An approach  by Lagakos (1976), which was developed  p r im a r i ly  
f o r  c l i n i c a l  t r i a l s  and o th e r  i n v e s t i g a t i o n s  o f  s u r v iv a l  t im e s ,  d e a l s  
w ith  a s i t u a t i o n  v e ry  s im i l a r  to  our problem . He p ro p o ses  a s t o c h a s t i c  
model which u t i l i s e s  a tim e-dependen t a u x i l i a r y  ev en t  (such  as  ou r  
p re v e n t iv e  t r e a tm e n t)  in  th e  e v a lu a t io n  of s u r v iv a l  t im e ,  and w hich
in c o rp o ra te s  a l s o  censo red  o b s e rv a t io n s  and c o v a r i a t e s .  H iggins 
(1981) d is c u s s e s  a s i m i l a r  type o f  model where th e  u n d e r ly in g  s u r v iv a l  
d i s t r i b u t i o n s  fo l lo w  W eibull form s. The approach  taken  to  th e  e f f e c t s  
of p re v e n t iv e  t r e a tm e n t  on r e s i s t a n c e  tim es in  l a t e r  c h a p te r s  resem bles
i
th e s e  m odels . •
Thus th e  model p roposed  in  i t s  most g e n e ra l  form in  th e  n e x t  
c h a p te r  appea rs  to  be th e  f i r s t  s p e c i f i c a l l y  des igned  to  accommodate 
a l l  the  r e l e v a n t  f a c t o r s  o f  d i s e a s e  c o n t ro l  s im u l ta n e o u s ly .  During 
the  development and a p p l i c a t i o n  of  th e  model in  l a t e r  c h a p te r s  we 
have a t tem p ted  to  b e a r  in  mind some comments made by Becker (1979a): 
t h a t  new models shou ld  n o t  be too  r e s t r i c t i v e  in  th e  assum ptions 
made about th e  u n d e r ly in g  tim e p e r io d s ,  t h a t  m ode ll ing  a t te m p ts  can 
on ly  be taken  s e r io u s ly  by e p id e m io lo g is ts  i f  i t  i s  dem onstra ted  
t h a t  the  epidemic models a d e q u a te ly  d e s c r ib e  th e  sp read  o f  d i s e a s e ,  
and th a t  i n t e r e s t  in  epidem ic models should  be d i r e c t e d  i n c r e a s in g ly  
towards d a t a - o r i e n t a t e d  m athem atics  in  o rd e r  to  s t r i v e  f o r  more d i r e c t  
and immediate e f f e c t s  on the  r e a l  problems o f  d i s e a s e  c o n t r o l .
CHAPTER 2 : THE GENERAL STOCHASTIC MODEL
2.1 : PRELIMINARIES
2 .1 .1 .  The cou rse  of i n f e c t i o n  in  f a m i l i e s  o f  two
The framework proposed i s  in ten d ed  to  model the  co u rse  o f  i n f e c t i o n  
in  f a m i l i e s  w ith  two i n i t i a l  s u s c e p t i b l e s .  One s u s c e p t i b l e  c a tc h e s  
the  d i s e a s e  and shows symptoms, becoming th e  fam ily  index  r e f e r r e d  
to  in  §1 .1 .  The o th e r  s u s c e p t i b l e  then  becomes th e  c o n t a c t ,  who may 
o r  may n o t  be g iven  p re v e n t iv e  t r e a tm e n t  a f t e r  th e  appea rance  o f  
th e  in d e x 1 symptoms, and who may o r  may n o t  su b se q u e n tly  show symptoms 
h im s e l f .
We s h a l l  assume t h a t  on ly  one s u s c e p t i b l e  b r in g s  i n f e c t i o n  
in to  th e  fa m i ly ,  and r e f e r  to  t h i s  as  the  p r im a ry ; th e  second s u s c e p t i b l e ,  
who may o r  may n o t  become in f e c te d  by th e  p r im ary ,  we s h a l l  c a l l  
th e  s e co n d a ry . I t  i s  u s u a l l y  a p p a re n t  t h a t  th e  index  i s  th e  p r im ary  
fam ily  source  of i n f e c t i o n ,  b u t  we w i l l  n o t  n e c e s s a r i l y  assume t h a t  
th e  p rim ary  and secondary  a re  c o r r e c t l y  i d e n t i f i e d  (see  §2 . 1 . 3 ) .
C o rrec t  i d e n t i f i c a t i o n  i s ,  o f  co u rse ,  i n e v i t a b l e  when th e  c o n ta c t  
rem ains u n in f e c te d .
When ap p ly in g  th e  model to  d a t a ,  we s h a l l  be assuming t h a t  
th e  secondary  has been in f e c t e d  by th e  p r im ary  r a t h e r  th an  from an 
e x t e r n a l  source  of i n f e c t i o n .  This  assum ption  h as  been made in  p re v io u s  
models f o r  household  i n f e c t i o n ,  and i s  re c o g n ise d  as  o c c a s i o n a l l y  
b e in g  an u n s a t i s f a c t o r y  p rem ise .  Models have been developed  to  a l lo w  
f o r  com m unity-acquired i n f e c t i o n  a lo n g s id e  household  secondary  i n f e c t i o n  
( s e e ,  f o r  example, Sugiyama (1961) and L ong in i and Koopman (1 9 8 2 ) ) .
In  §2.4 we s h a l l  i n v e s t i g a t e  our s t o c h a s t i c  model when we assume 
t h a t  bo th  i n f e c t i o n s  a r e  p rim ary  ca se s  i n f e c t e d  o u t s id e  th e  h o u se h o ld .  
U n fo r tu n a te ly  i t  w i l l  be seen  t h a t  such a s i t u a t i o n  can y i e l d  no
in fo rm a tio n  about th e  a s p e c t s  o f  p r e v e n t iv e  t r e a tm e n t  in  which we 
a re  i n t e r e s t e d ,  and i t  appea rs  t h a t  th e  most s a t i s f a c t o r y  method 
of d e a l in g  w ith  t h i s  problem may be to  examine th e  d a ta  w ith  t h i s  
in  mind b e fo re  beg in n in g  any a n a l y s i s .
Assumption 2 . 1 :
The secondary , i f  in f e c t e d ,  has been in f e c t e d  by adequa te  c o n ta c t  
w ith  the  p r im ary .
Assumption 2.1 i s  o b v io u s ly  more r e a l i s t i c  f o r  some in f e c t i o u s  d i s e a s e s  
than  f o r  o t h e r s .  For example, C h r i s t i e  (1980) remarks t h a t  th e  r i s k  
of c a tc h in g  whooping cough from someone in  th e  same house i s  seven 
tim es h ig h e r  than  from someone l i v i n g  n ex t  doo r ,  whereas L ong in i 
and Koopman (1982) conclude t h a t  in f lu e n z a  seems to  sp read  more 
e a s i l y  in  th e  community than  w i th in  th e  hou seh o ld .
We d e f in e  th e  fo l lo w in g  random v a r i a b l e s  t h a t  a r i s e  d u r in g  
th e  cy c le  of i n f e c t i o n  :
T pT ^  ? r e s i s t a n c e  times f o r  p rim ary  and secondary  r e s p e c t i v e l y .
,X2 : l e n g th s  o f  l a t e n t  p e r io d s  f o r  p r im ary  and secondary  r e s p e c t i v e l y .
Y^,Y2 : le n g th s  o f  in f e c t i o u s  p e r io d s  f o r  p r im ary  and secondary  r e s p e c t i v e l y
: l e n g th s  of in c u b a t io n  p e r io d s  f o r  p r im ary  and secondary  r e s p e c t i v e l y
We denote  th e  v a lu e s  of th e s e  v a r i a b l e s  by lower case  l e t t e r s .
The time o r ig i n  t  f o r  th e  measurement o f  o b s e rv a b le  tim e p e r io d s  
i s  th e  time of appearance  of symptoms in  th e  index .
Then th e  i n f e c t i o n  of a secondary  by a p r im ary  may be r e p r e s e n t e d  
d ia g ra m m a tica lly  a s  in  F ig u re  2 .1 .
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2 . 1 .2 .  R e la t io n s h ip s  between th e  u n o b se rv ab le  time p e r i o d s .
We s h a l l  o b v io u s ly  have to  make some assum ptions about th e  
d i s t r i b u t i o n s  o f  T, X, Y and Z b e fo re  th e  model can be p u t  to  
any p r a c t i c a l  u se .  A d i s c u s s io n  of p o s s i b l e  d i s t r i b u t i o n s  i s  d e f e r r e d  
u n t i l  C hapter 3, b u t  i t  i s  u s e f u l  a t  t h i s  p o in t  to  d i s c u s s  p o s s i b l e  
r e l a t i o n s h i p s  between th e  random v a r i a b l e s  b e fo re  p ro cee d in g  w ith  
th e  development o f  th e  s t o c h a s t i c  model.
F ig u re  2.1 shows th e  appearance  o f  symptoms in  b o th  p r im ary  
and secondary d u r in g  t h e i r  r e s p e c t iv e  i n f e c t i o u s  p e r io d s ,  i . e .  the  
a c t u a l  v a lu e s  of th e  random v a r i a b l e s  d e f in e d  in  §2 . 1 . 1 , s a t i s f y i n g
X 1 < Z 1 < X 1 + y r  
x 2 < 22 < x 2 + y 2 •
M edical sou rces  ( f o r  example C h r i s t i e  (1980), Krugman and Katz 
(1981)) i n f e r  t h a t  symptoms do most commonly occu r  d u r in g  th e  i n f e c t i o u s  
p e r io d  of a d i s e a s e .  However, th e  p roposed  model i s  n o t  a f f e c t e d  
by th e  r e l a t i v e  v a lu e s  of th e se  random v a r i a b l e s ,  and we may d e f in e  
t h e i r  d i s t r i b u t i o n s  v e ry  g e n e r a l ly ,  le a v in g  s p e c i f i c  r e l a t i o n s h i p s  
u n t i l  the  model i s  a p p l ie d  to  some d a t a .
One i n e q u a l i t y  which must always h o ld  i s
t 2 < y 1 ( 2a)
s in c e  the  s eco n d a ry ’ $ r e s i s t a n c e  time cannot exceed th e  l e n g th  o f  
the  p r im a ry ’ s i n f e c t i o u s  p e r io d  (u n le s s  he i s  n o t  i n f e c t e d ,  i n  which 
case  we may c o n s id e r  as  i n f i n i t e ) .
The r e l a t i v e  m agnitudes of x^ and z^ w i l l  a l s o  have a 
b e a r in g  on th e  cou rse  of i n f e c t i o n  in  th e  secondary ,  and on th e  u s e f u l n e s s  
o f  p re v e n t iv e  t r e a tm e n t ;
Case I ;  x^ < Zy  The p rim ary  becomes i n f e c t i o u s  b e fo re  t Q, so 
the  secondary i s  b e in g  exposed to  i n f e c t i o n  b e fo re  the  p r im a ry ’ s 
symptoms a p p ea r .  S ince t r e a tm e n t  i s  n o t  g iven  u n t i l  th e  in d e x '  symptoms 
a p p ea r ,  th e  le n g th  o f  th e  c o n t a c t ’ s p r e t r e a tm e n t  exposure  tim e may 
be c o n s id e r a b le .  A lso , i f  t 2 +' Z2 sma^^» secondary
may even show h i s  symptoms b e fo re  th e  p rim ary  : we s h a l l  r e t u r n  to  
th is  l a t t e r  p o in t  in  §2.1.3.
Case I I :  x  ^ ^ Zy  The prim ary  does n o t become in f e c t i o u s  u n t i l  a f t e r  
h i s  symptoms have appea red .  Thus th e  c o n t a c t ’ s t r e a tm e n t  i s  l i k e l y  
to  be a d m in is te re d  more p rom ptly ,  p o s s ib ly  even b e fo re  he i s  under 
any i n f e c t io u s  p r e s s u r e .
So any e x p re s s io n  o b ta in e d  f o r  th e  p r o b a b i l i t y  of i n f e c t i o n  
i n  a secondary , w hether t r e a t e d  o r  n o t ,  w i l l  be c o n d i t i o n a l  on th e  
p r im a ry 's  unobse rvab le  time p e r io d s  x ^ , y^ and z^ .
2.1 .3 .  The o b se rv ab le  v a r i a b l e  |'s|
The random v a r i a b l e  S i s  d e f in e d  as 
S = th e  time from the  p r im a ry 's  symptoms to  th e  s e c o n d a ry 's  symptoms.
However, S i t s e l f  might n o t  be o b se rv ed ,  s in c e  s u b s t a n t i a l  
v a r i a t i o n  in  the  d i s t r i b u t i o n  of Z may r e s u l t  in  u n c e r t a i n t y  abou t 
the i d e n t i t i e s  of th e  p rim ary  and secondary  c a s e s .  The index  and 
c o n ta c t  can always be i d e n t i f i e d  p o s i t i v e l y ,  b u t  when th e  i n t e r v a l  
between symptoms i s  s h o r t ,  i t  i s  n o t  always p o s s i b l e  to  be c e r t a i n  
t h a t  th e  index i s  th e  t r u e  p r im ary .  The d i s c u s s io n  of Case I  in  
§2.1.2 and F ig u re  2.2 i n d i c a t e  how th e  u n c e r t a i n t y  may o c c u r .  So 
th e  q u a n t i ty  observed  i s  a c t u a l l y  | s | ,  n o t  S i t s e l f .
Such doubts  about th e  i d e n t i t y  o f  th e  p r im ary  and secondary  
a re  most l i k e l y  to  be f e l t  when th e  two s e t s  of symptoms ap p ea r  c lo s e  
t o g e th e r ,  in  which case  we may c o n s id e r  i t  more p ro b a b le  t h a t  we
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have two prim ary  c a s e s  r a t h e r  th a n  a p rim ary  and a secondary  c a s e .
Any d is c r e p a n c ie s  in  the  d i s t r i b u t i o n s  o f  5 and |s |  a re  l i k e l y  
to  be co n f in ed  to  v a lu e s  c lo s e  to  z e ro .
The d i s t r i b u t i o n s  of S and |sj may be o b ta in e d  from th o se  
assumed f o r  th e  u n d e r ly in g  random v a r i a b l e s  T, X and Z. From 
F igu re  2 .2  i t  may be seen t h a t
s = ( t 2+z2) -  ( z ^ -x ^ ) .
L u c k i ly ,  however, i t  w i l l  n o t  g e n e r a l ly  be n e c e s s a ry  to  f in d  
the  form of the  d i s t r i b u t i o n  of S, a l th o u g h  in  §2.4 th e  d i s t r i b u t i o n  
of  T2 + Z2 w i l l  be u s e f u l .
2 .1 .4 .  In d iv id u a l  s u s c e p t i b i l i t y  and p r e v e n t iv e  t r e a t m e n t . '
Each secondary  w i l l  have a " n a tu r a l  s u s c e p t i b i l i t y "  to  th e  
d i s e a s e  spread  by h i s  h o u se h o ld ’ s p r im ary ,  and we d e f in e  t h i s  as
p = P (secondary  i s  in f e c te d  by th e  p rim ary  a t  some time in  th e  f u t u r e ) .
I t  i s  im probable t h a t  a l l  s e c o n d a r ie s  w i l l  be e q u a l ly  l i k e l y  to  c o n t r a c t
th e  d i s e a s e ,  even g iven  i d e n t i c a l  home backgrounds; f a r  more r e a s o n a b le
th a t  f a c t o r s  such as age and p re v io u s  v a c c in a t io n ,  as  w e l l  as  h o u seh o ld
c o n d i t io n s ,  w i l l  a f f e c t  an i n d i v i d u a l ’ s r e s i s t a n c e  to  d i s e a s e .  Thus
we expec t the  v a lu e  o f  p to  vary  from one p e rso n  to  a n o th e r .
An e f f e c t i v e  p r e v e n t iv e  t r e a tm e n t ,  i f  g iv en  in  t im e ,  w i l l
modify t h i s  n a t u r a l  s u s c e p t i b i l i t y  to  a v a lu e  q d e f in e d  by
*
q = P (secondary  g iven  p r e v e n t iv e  t r e a tm e n t  i s  i n f e c te d  by th e  p r im ary  
a t  some time in  th e  f u t u r e ,  a f t e r  h i s  t r e a tm e n t) .
Again, the  v a lu e  of q w i l l  v a ry  from one p e rso n  to  a n o th e r ,  
a l th o u g h  f o r  a g iven  in d iv id u a l  and an e f f e c t i v e  t r e a t m e n t , one would
expect to have
O ^ q ^ p ^ l .
A t re a tm e n t  which g iv e s  com plete p r o t e c t i o n  a g a i n s t  d i s e a s e  
in  a l l  in d iv id u a l s  would reduce  a l l  s u s c e p t i b i l i t i e s  to  z e ro ,  and in  
g e n e ra l  a t r e a t m e n t ' s  p r o t e c t i v e  v a lu e  may be measured by th e  m agnitude 
of th e  e f f e c t  i t  has in  low ering  th e  n a t u r a l  s u s c e p t i b i l i t y  p .
2 . 1 .5 .  R e s is ta n c e  time and p re v e n t iv e  t r e a t m e n t .
The d i s t r i b u t i o n  of  T, o r  more s p e c i f i c a l l y  T2 , i s  a l s o  
an im p o r tan t  f a c t o r  in  d e te rm in in g  th e  e f f e c t i v e n e s s  o f  p r e v e n t iv e  
t r e a tm e n t .  Roughly speak ing ,  i f  t '2 i s  sm all  and’ x^ < z^ th en  
t r e a tm e n t  i s  a lm ost u s e l e s s ,  as  we observed  in  §1 .2 .  More p r e c i s e l y ,  
even a t r e a tm e n t  which i s  shown to  be e f f e c t i v e  in  c o n s id e r a b ly  re d u c in g  
the  v a lue  o f  p may be q u i t e  i n e f f e c t i v e  in  p r a c t i c e  when, by th e  
n a tu r e  of the  d i s e a s e ,  i t  i s  u n l ik e ly  to  be g iven  e a r l y  enough. We 
a re  assuming h e re  t h a t  p r e v e n t iv e  t r e a tm e n t  may have some p r o t e c t i v e  
v a lue  f o r  those  n o t  a l re a d y  i n f e c t e d ,  b u t  has l i t t l e  e f f e c t ;  on th e  
cou rse  of an in f e c t i o n  which has  a l re a d y  begun.
Assumption 2 . 2 :
P r o t e c t iv e  t re a tm e n t  can only  have an e f f e c t  on th o se  n o t  a l r e a d y  
in f e c t e d .
In s p e c t io n  of m edical t e x t s  le a d s  us to  b e l i e v e  t h a t  Assumption
2 .2  w i l l  be r e a l i s t i c  f o r  some i n f e c t i o u s  d i s e a s e s .  For exam ple, 
C h r i s t i e  (1980) ob se rv es  f o r  m easles  t h a t  " a n t i b i o t i c s  have no e f f e c t  
on the  inflam m atory changes caused by m easles  v i r u s "  and t h a t  in  
a c a r e f u l l y  c o n t r o l l e d  study  (Medical R esearch  C o u n c i l ,  1953) in to  
th e  e f f e c t s  o f  a n t i b i o t i c s  on whooping cough, "even w ith  e a r l y  c a s e s ,  
th e  e f f e c t  of the  drugs was n o t  d rq m a t ic " .
I t  may be ex p ec ted  t h a t  d i s t r i b u t i o n s  t r a d i t i o n a l l y  used  to  
model s u r v iv a l  t im es would a l s o  be u s e f u l  to  model T, i f  i n f e c t i o n  
i s  viewed as ' ‘f a i l u r e " .  In  h i s  o r i g i n a l  model, F a rew e ll  (1977) used  
an e x p o n e n t ia l  d i s t r i b u t i o n  to  model th e  time o f  r e s i s t a n c e  to  i n f e c t i o n ,  
and we s h a l l  i n v e s t i g a t e  t h i s  and o th e r  s u r v iv a l  time d i s t r i b u t i o n s  
l a t e r .  However we need to  c o n s id e r  two a s p e c t s  n o t  p r e v io u s ly  tak en  
in t o  a c c o u n t :
( i )  In  p ro p o s in g  PCT^^aj secondary  i n f e c t e d )  = 1-e ^a ,
(a>0,A>0), F a rew e ll  has im plied  t h a t  exposure  to  i n f e c t i o n  goes on 
f o r e v e r ,  whereas c o n d i t io n  (2a) r e q u i r e s  t^  ^ y^ f o r  an i n f e c te d  
secondary .
I f  we d e f in e  th e  even t
SI = secondary  i s  e v e n tu a l ly  i n f e c t e d ,
then  any d i s t r i b u t i o n  fu n c t io n  proposed f o r  T must be c o n d i t i o n a l  
on SI as w e ll  as on th e  p r im a ry ’ s time p e r io d s  x^ ,  y^ and 
as d is c u s s e d  in  §2 . 1 . 2 .
For conven ience , we d e f in e
'  <f> = (xj »y1 >z.,) 
and th e  d i s t r i b u t i o n  f u n c t io n  fo r  th e  r e s i s t a n c e  time T
F ^ t )  = F 1 ( 11 4) , S i ) .
Now we r e q u i r e  !
F ^ t )  = 1 , t  6 y r  -
and i f  G (‘ ) i s  a d i s t r i b u t i o n  fu n c t io n  we may s a t i s f y  t h i s  c o n d i t io n
by d e f in in g
0 t< 0 ,
G ( t ) / G (y ,)  O StSy,,F , ( t )  =
I f  G (’ ) i s  such t h a t  G(0) = 0 , then  we have
F1(0) = 0
and thus  exclude th e  p o s s i b i l i t y  of in s ta n ta n e o u s  i n f e c t i o n  i . e .  
th e re  i s  no p r o b a b i l i t y  mass a t  t^  = 0 .
Of c o u rs e ,  i f  th e  l e n g th  of the  i n f e c t i o u s  p e r io d  y^ i s  l a r g e ,  
then  G(y^) s 1 and t h i s  e x t r a  com plex ity  may n o t  be w o r th w h ile .
However, the  c o n d i t io n a l  form of F^(*) in  term s of G(*) may be 
a more r e a l i s t i c  app rox im ation  f o r  d i s e a s e s  w ith  s h o r t  i n f e c t i o u s  
p e r i o d s .
( i i )  We may wish to  ta k e  accoupt of th e  e f f e c t  t h a t  p r e v e n t iv e  
t re a tm e n t  has on the  r e s i s t a n c e  time d i s t r i b u t i o n  i . e .  f ^ ( * )  ni^ y 
be m odified  to  some d . f .  F^ , ( 0  on th e  a d m in i s t r a t i o n  o f  t r e a tm e n t .
For example, F^(*) and F^,(*) may be long  to  th e  same fa m ily  o f  
d i s t r i b u t i o n s ,  th e  m o d i f ic a t io n s  b e in g  made to  th e  p a ra m e te r s .  H igg ins
(1981) c o n s id e rs  a s im i l a r  s i t u a t i o n  when he en v isa g e s  an a l t e r a t i o n  
in  W eibull haza rd  fu n c t io n  b e in g  caused by an in t e r v e n in g  e v e n t .
We s h a l l  r e t u r n  to  t h i s  a s p e c t  of th e  model in  §2 . 2 . 2 .
2 . 2 . ;  THE CONDITIONAL DENSITY OF T2 +
In  § 2 .1 .3 ,  we observed  from F ig u re  2 .2  t h a t
S = ( t 2 +Z2 ) -  ( Z j - X j ) .
Thus
t2 + «2 = .  ♦ (zt-Xl)
i s  th e  time from the  s e c o n d a ry 's  f i r s t  exposure  to  i n f e c t i o n  to  th e  
appearance of h i s  syjnptoms, c o n d i t io n a l  on th e  ev en t  S I .  F u r th e r ,  
g iven  </> = (xj ,y.j ,z.j)., t 2 + z 2 a known v a lu e  w ith  a w e l l - d e f in e d  
e p id e m io lo g ic a l  s i g n i f i c a n c e ,  and i t  w i l l  be u s e f u l  to  d e r iv e  i t s  d e n s i t y .
Assumption 2 . 3 :
T9 and Z2 a r e  independen t random v a r i a b l e s  i ; e ,  th e  le n g th
of th e  s e c o n d a ry 's  ip c u b a t io n  p e r io d  i s  independen t o f  h i s ^ r e s i s t a n c e
tim e.
Assumption 2 .3  seems r e a s o n a b le ,  as  we can f in d  no i n d i c a t i o n s  
in  m edical so u rces  t h a t  th e  le n g th  o f  an i n d i v i d u a l ' s  in c u b a t io n  
p e r io d  is  in any way a f f e c t e d  by th e  tim e i t  took  him to  c o n t r a c t  th e  
d i s e a s e .  We s h a l l  use  t h i s  assum ption  in  th e  fo l lo w in g  development 
to  d e r iv e  th e  d e n s i ty  o f  + Z2 f o r  b o th  t r e a t e d  and u n t r e a t e d  
s e c o n d a r ie s .
We s h a l l  deno te  th e  d i s t r i b u t i o n  f u n c t io n  o f  by
F^Cz) = F2 (2 | , SI) where ^ ( z )  = 0 f o r  z < 0 ,
and we s h a l l  assume f o r  the  p r e s e n t  t h a t  d e n s i t i e s  f ^ ( ’ ) and f ^ (*)
e x i s t ,  co rre sp o n d in g  to  d i s t r i b u t i o n  fu n c t io n s  F^(*) and F2 (*) 
r e s p e c t i v e l y .  M o d if ic a t io n s  to  th e  model may, o f  c o u rs e ,  be made 
when such d e n s i t i e s  do n o t  e x i s t ,  f o r  .example in  the  case  o f  degeneracy  
o f  e i t h e r  T2 or  Z2 * We s h a l l  c o n s id e r  such a case  in  C hap te r  3 .
We s h a l l  now c o n s id e r  the  d e n s i t y  of T2 + Z2 s e p a r a t e ly  f o r
th e  ca se s  o f  t r e a t e d  and u n t r e a te d  s e c o n d a r i e s .
2 . 2 .1 .  D en s ity  f o r  an u n t r e a te d  s e c o n d a ry .
T2 has d e n s i ty  f^ (* )  and Z^ has d e n s i ty  an£* k o th
random v a r i a b l e s  a re  n o n -n e g a t iv e .  Thus i f  we deno te  th e  d e n s i t y  
of T2 + Z2 f o r  an u n t r e a te d  secondary  by
f 3 <w) = f  3 (w| , SI)
then
f 3 (w) =
w
j  f 1( t ) f 9 ( w - t )d t  w > 0> by Assumption 2 .3  
0 1 , ( 2 . 1)
elsey/here
S ince f ^ ( t )  = 0 f o r  t  > y^ ,  we cou ld  w r i t e  t h i s  as  
m
j  f ^ ( t ) f 2 (w - t )d t  w > 0 ,
( 2 . 1a)
0 elsew here
where m = m in(y^ ,w ).
2 .2 .2 .  D ensity  f o r  a t r e a t e d  sec o n d a ry .
We s h a l l  assume th a t  p r e v e n t iv e  t r e a tm e n t  a d m in is te re d  to  a 
secondary  n o t  a l re a d y  in f e c t e d  has  two e f f e c t s  :
( i )  The s e c o n d a ry 's  p r o b a b i l i t y  o f  becoming i n f e c t e d ,  p ,  
i s  m od ified  to  q (see  §2 . 1 . 4 ) .
( i i )  The s e c o n d a ry 's  r e s i s t a n c e  tim e d i s t r i b u t i o n  i s  m o d if ied  
from F_j(*) to  F ( • )  = F,j,(* | <J),SI) w ith  c o r re sp o n d in g  d e n s i t y  
f T (* ) j  and we r e q u i r e  FT( t )  = 1  f o r  t  ^ y^ .
Before p ro cee d in g ,  we need to  make two d e f i n i t i o n s :
D e f in i t i o n  2.1
P^(A) deno tes  the ,  p r o b a b i l i t y  of an ev en t  A g iven  <{> = ( x ^ ,y ^ ,z . j ) .
D e f in i t io n  2 .2
The in f e c t i o n  curve I ( t )  r e p r e s e n t s  th e  p r o b a b i l i t y  t h a t  
a secondary  has become in f e c te d  by time t  a f t e r  h i s  i n i t i a l  e x p o su re .
i . e .  P (A) E P(A|({>).
i . e .  I ( t )  = P , (SI f\ {T0^ t }) .d> 2
Since t r e a tm e n t  may now in te rv e n e  d u r in g  th e  s eco n d a ry ’ s r e s i s t a n c e  
t im e , th e  d e n s i ty  of w i l l  no lo n g e r  be s im ply f ^ ( * ) ,  b u t  may
be d e r iv e d  u s in g  l ( t ) .  !
I ( t )  f o r  an u n t r e a te d  s e c o n d a ry :
Im m ediate ly , I ( t )  = p F ^ ( t ) .
I ( t )  f o r  a secondary  t r e a t e d  b e fo re  exposure  to  i n f e c t i o n :
I ( t )  = q FT ( t ) ,
as  t r a n s i t i o n s  p -*• q and F^(*) F^C*) ta k e  p la c e  p r i o r  to  exposure
to  i n f e c t i o n .
F ig u re  2 .3 a  i l l u s t r a t e s  how th e s e  two i n f e c t i o n  cu rv es  might 
ap p ea r .
I ( t )  f o r  a secondary  t r e a t e d  d u r in g  exposure  to  i n f e c t i o n :
In  o rd e r  to  d e r iv e  an e x p re s s io n  f o r  I ( t ) ,  we need to  c o n s id e r
bo th  th e  e a r l y  u n t r e a te d  p a r t  of the  r e s i s t a n c e  time and th e  l a t e r  
t r e a t e d  p e r io d .  I ( t )  must be monotone in c r e a s in g  by d e f i n i t i o n ,  
as th e  p r o b a b i l i t y  of i n f e c t i o n  by tim e t  canno t d e c re a se  as  t  
i n c r e a s e s .  We should  a l s o  l i k e  i t  to  be a co n t in u o u s  f u n c t io n  o f  
t ,  so t h a t  th e r e  i s  no c o n c e n t r a t io n  o f  p r o b a b i l i t y  mass a t  th e  
time o f t r e a tm e n t .  Thus we en v isag e  the  t r e a tm e n t  as  b e in g  based  
on a t r a n s i t i o n  from p F ^ ( t )  to  qF^Ct) which p r e s e rv e s  c o n t i n u i t y  
in  t  a t  the  time of t r e a tm e n t  (see  F ig u re  2 .3 b ) .
In  o rd e r  to  f in d  th e  time o f  t h i s  t r a n s i t i o n ,  we a re  i n t e r e s t e d
in  the  le n g th  o f  time d u r in g  which th e  secondary  i s  exposed to  i n f e c t i o n  
b e fo re  h i s  p r e v e n t iv e  t r e a tm e n t .  T h is  i s  n o t  g e n e r a l ly  th e  same 
as the  observed  v a lu e  u ,  as may be seen  from F ig u re  2 .4 .
F igu re  2 .4 a  shows a secondary who i s  t r e a t e d  a f t e r  th e  p r im a r y 's  
in f e c t io u s  p e r io d .  His d e n s i ty  i s  th u s  p r e c i s e l y  th e  same as th e  
u n t r e a te d  secondary  c o n s id e re d  in  § 2 .2 .1 .  F ig u re  2 .4b shows a  seco n d ary
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c. Secondary treated before primary becomes infectious
R q  2.4 ■■ Times op preventive treatment:
who i s  t r e a t e d  d u r ing  th e  p r i m a r y ' s  i n f e c t i o u s  p e r i o d ,  and i t  may 
be seen t h a t  he i s  u n t r e a t e d  w h i l s t  under  i n f e c t i o u s  p r e s s u r e  f o r  
a t ime u + This  e x p r e s s io n  i s  independen t  of  the  r e l a t i v e
le n g th s  of  the  p r i m a r y ' s  l a t e n t  and in c u b a t io n  p e r io d s  i . e .  i t  h o ld s  
f o r  z.j ^ in  a d d i t i o n  to  th e  i l l u s t r a t e d  z^ > x^ .
F igure  2 .4c  shows a secondary  who i s  t r e a t e d  b e f o r e  the  p r i m a r y ' s  
i n f e c t i o u s  p e r io d ;  t h i s  can on ly  occur  i f  z^ < x^ s in c e  t r e a tm e n t  
must f o l lo w  the  i n d e x '  symptoms. Such a secondary  remains t r e a t e d  
th roughout  h i s  p e r io d  of  exposure  to  i n f e c t i o n ,  and has  i n f e c t i o n  
curve l ( t )  = qF^Ct) as  above.
In  o rd e r  to  d e r iv e  a g e n e ra l  e x p r e s s io n  f o r  l ( t )  in  the  two 
l a t t e r  c ases  above ( th e  f i r s t  i s  i d e n t i c a l  to  th e  u n t r e a t e d  case  
in  §2 . 2 . 1) ,  we d e f in e  a new random v a r i a b l e ;
D e f i n i t i o n  2 .3
U1 = max(0 ,U+Z1“X,|) .
Hence r e p r e s e n t s  the  t ime of  u n t r e a t e d  exposure  to  i n f e c t i o n
when th e  secondary  i s  t r e a t e d  b e f o r e  the  end of  th e  p r i m a r y ' s  i n f e c t i o p s  
p e r io d .
Then f o r  a secondary who i s  t r e a t e d  b e f o r e  th e  end of  th e  p r i m a r y ' s  
i n f e c t i o u s  p e r i o d ,  the  i n f e c t i o n  curve i s  seen  t o  be g iven  by;
Ip F ^ t )  OCt^u^,pF 1 ( u 1)+q{FT ( t ) - F T( u 1)} u . j C t ^ ,
pF1 (u^+qC 1-Ft (u^)} t>y^ .
I f  a t r e a tm e n t  has been e f f e c t i v e ,  then  we should  have 
p F ^ t )  > p F ^ u , )  + q{FT( t ) - F T( u , ) }
<=> p{F1( t ) - F 1 (u) )}  > q i F j C O - F ^ ) } ,  u ^ t S y j .
i . e .  i n  F igu re  2 .3 b ,  the s o l i d  l i n e  I ( t ) should  n o t  exceed 
th e  d o t t e d  l i n e  p F ^ ( t ) .  A s u f f i c i e n t ,  b u t  n o t  n e c e s s a r y ,  c o n d i t i o n
f o r  t h i s  i s
dF dF
p d T s ’ i r '  t>ur
The p r o b a b i l i t y  of  secondary  i n f e c t i o n  may now be found to
be
P (SI)  = I ( « )  = p F ^ u , )  + q { l - F T (U])} , (2 . 2)
and we may now deduce the  d i s t r i b u t i o n  f u n c t i o n  of  T£ f o r  a t r e a t e d  
secondary ,  which we denote  by
F4 ( t )  = F4 ( t | . f , S I ) ,
and i t s  co r respond ing  d e n s i t y  f ^ ( * ) :
F4 ( t ) = P(T2St | ( | . ,S I)
P (SIn{T2St} )  
P^TSI)
I ( t )
p TTs i T
$
by D e f i n i t i o n  2 f 2
Hence
• pi7! ( t )  
pF j ( u ^ ) +q{l~Ft (u^ )T 0 < t ^ u 1 ,
F4 ( t )
p F1( u l )+q{FT( t ) - F T( u 1)} 
pF ^  (u^ ) +q{ 1 -F^,(u^) } u 1< t< y1,
t>y r
and the  d e n s i t y  o f  i s  g iven  by
p f ! ( t )
pFl ( u 1)+q{1-FT ( u l )}' 0< t g u r
q fT ( t )
f 4 ^  S pF1 ( u l )+ q { i -F rp( u 1)}T N 1
0 e l se w h e re .
by
I f  we denote  th e  d e n s i t y  of  T2 + f o r  a t r e a t e d  secondary
f  (w) = f  . (wl , SI)  ,
then  we may use the  d e n s i t y  f 2 (*) and Assumption 2.3 to  o b t a i n
w
-r= r~ 7— 7 1 f  1 ( t ) f  o ( w - t ) d t  pF^ ( u l )+q{1-F T( u l )} '  1 2 0 <w^u^ ,
(2
f 5 (w) = pF ^  (u ^ ) +q{ 1 ~F,j, (u ^ ) }
w
pj  f 1 ( t ) f 9 (w - t )d t+ q j  f  ( t ) f ? ( w - t ) d t  
L 0 U1
w>u^ ,
(2
0 e l s e w h e r e .
Expres s ions  (2 ,3 )  and (2 .4 )  r e f l e c t  the  d i f f e r e n t  p o s s i b l e  s i t u a t i o n s  
w i th  secondary  t r e a t m e n t :
( i )  (2 .3 )  a p p l i e s  f o r  T2 + Z2 = , i . e .  a secondary  whose
symptoms appear  b e f o r e  he i s  g iven  p r e v e n t i v e  t r e a t m e n t .  This  form 
w i l l  t h e r e f o r e  r a r e l y  a r i s e  in  p r a c t i c e ,
( i i )  (2 .4 )  a p p l i e s  f o r  ^  + Z2 > . The f i r s t  i n t e g r a l  i n
th e  e x p re s s io n  w i l l  apply  i f  T2 ^ , so t h a t  the  secondary  c a t c h e s
the  d i s e a s e  b e fo re  be ing  g iven  h i s  t r e a t m e n t  ( i . e .  " too  l a t e " ) , thus  
f ^ ( t )  has numera tor  p f ^ ( t ) .  The second i n t e g r a l  a p p l i e s  f o r  ^  > U^, 
when t r e a tm e n t  i s  g iven  " i n  t im e" ,  and f ^ ( t )  has  numera to r  q f ^ ( t -) . .
Thus (2 .4 )  a l lows  f o r  our u n c e r t a i n t y  about  whether  t r e a tm e n t  was 
r e a l l y  g iven e a r l y  enough to  an i n f e c t e d  secondary .
By d e f i n i n g  w^ = min(w,u^) ,  e x p r e s s io n s  (2 .3 )  and (2 .4 )  may 
be combined to  produce
1____________
pF1 ( u l ) + q ( 1-FT ( u 1)}
f 5 (w) =
w w "I
Jpj Uf 1( t ) f 2 (w -t)d t+qjw f T( t ) f 2 (w - t ) d t j  w>0
U
e l s e w h e r e ,
where th e  second i n t e g r a l  i s  zero  i f  w = w < u_.u 1
I t  i s  i n t e r e s t i n g  a l s o  to  n o te  th e  consequences o f  w r i t i n g  
u.j = 0 in  ( 2 . 4 ) .  Then, assuming in s t a n t a n e o u s  i n f e c t i o n  i s  im p o ss ib le  
so t h a t  F.j (0) = Ft (0) = 0,
pF-j (u^) + q ( 1-F T( u l )} = q,
and f r (w) becomes ->
I
w w
1 / q [ p . 0 + q J  f  ( t ) f ? (w- t )dt ]  = /  f  ( t ) f 9 (w- t )dt  w>0,
0 0
0 e l s e w h e re .
This e x p re s s io n  i s  of  th e  same form as  (2 .1 )  f o r  the  u n t r e a t e d  
secondary .  Replacement of  f ^ ( t )  by i n d i c a t e s  t h a t  th e
secondary  i s  f u l l y  t r e a t e d  th roughou t  the  p r i m a r y ’ s i n f e c t i o u s  p e r i o d .
2 .3  : TOWARDS A LIKELIHOOD FUNCTION
Each r e c o rd  of  the  d a t a  c o n t a i n s  i n fo rm a t io n  about  a p a r t i c u l a r  
i n d e x -c o n ta c t  p a i r .  C o v a r i a t e s  r e l e v a n t  to  s u s c e p t i b i l i t y  a r e  observed  
f o r  each i n d i v i d u a l ,  and depending on the  cou r se  of  i n f e c t i o n  and 
t r e a tm e n t  in  the  c o n t a c t ,  v a lu e s  f o r  v a r i a b l e s  jsj and U may 
a l s o  be reco rd ed .  Table  2.1 i l l u s t r a t e s  the  f o u r  p o s s i b l e  s e t s  : 
o f  c i rcum s tances  and the  v a r i a b l e s  r e c o rd e d .TYPE
TREATMENT
GIVEN
SYMPTOMS
APPEAR
VARIABLES
RECORDED
I NO YES | s|
IX YES YES u, | s |
I I I NO NO None
IV YES NO U
Table 2.1
In  the  fo l lo w in g  fo u r  s e c t i o n s  we o b t a i n  m a them a t ica l  e x p r e s s i o n s  
f o r  the  observed  course  of  i n f e c t i o n  f o r  each type  of  c o n t a c t .  For 
Types I  and I I  t h e s e  e x p r e s s io n s  a r e  "mixed d i s t r i b u t i o n s " , combining 
p r o b a b i l i t i e s  and d e n s i t i e s  : f o r  Types I I I  and IV a c t u a l  p r o b a b i l i t i e s  
can be found.  E v e n t u a l l y ,  s u i t a b l e  p a r a m e t r i c  forms w i l l  be assumed 
fo r  th e  d i s t r i b u t i o n s  and s u s c e p t i b i l i t i e s  ( s ee  Chapter  3 f f . ) ,  the  
e x p re s s io n s  o b ta in e d  w i l l  be combined to  produce  an o v e r a l l  l i k e l i h o o d  
f o r  the  d a t a  and we would hope to  maximise t h i s  in  o r d e r  to  o b t a i n  
param ete r  e s t i m a t e s  and make in f e r e n c e s  about  th e  q u a n t i t i e s  of  i n t e r e s t  
The c o n t r i b u t i o n s  to  t h i s  l i k e l i h o o d  o b ta in e d  below w i l l  be 
c o n d i t i o n a l  on the  t ime p e r io d s  {x^ ,y^ ,z^ }  of  th e  c o r re s p o n d in g  
p r i m a r i e s ,  which cannot  be observed .  U n co n d i t io n a l  e x p r e s s io n s  may 
be o b ta in ed  by t a k in g  the  e x p e c t a t i o n  over the  j o i n t  d i s t r i b u t i o n  
of  X j , Y.j and Z y  deno ted by the  o p e r a t o r  E^.
For c o n t a c t s  of  Types I I I  and IV, no symptoms of  th e  d i s e a s e  
a re  observed .  In  p r a c t i c e ,  of  c o u r s e ,  we can only  mon i to r  th e  p r o g r e s s  
of  each c o n t a c t  f o r  a f i n i t e  p e r io d  of  t im e ,  th u s  we d e f i n e  a " f o l l o w -  
up" time V f o r  each c o n t a c t  by
V = t ime from the  symptoms appea r ing  in  th e  index  to  th e  end of  th e  
p e r io d  reco rded  f o r  the  c o n t a c t .
Thus f o r  c o n t a c t s  of  Types I I I  and IV we have
|S|  > V
w h i l s t  f o r  Types I  and I I  the  i n e q u a l i t y
Is! £ V
a p p l i e s .
2 . 3 . 1 .  L ike l ihood  c o n t r i b u t i o n  f o r  a Type I  c o n t a c t .
A Type I  c o n t a c t ' i s  an u n t r e a t e d  c o n t a c t  who s u b se q u e n t ly  becomes 
i n f e c t e d  and shows symptoms. Hence a y a l u e  f o r  | s j  i s  obse rved .
However, as  d i s c u s s e d  in  § 2 .1 .3 ,  we cannot  be a b s o l u t e l y  s u re  t h a t
th e  c o n t a c t  i s  the  secondary ,  so we need to  t a k e  i n t o  accoun t  two
p o s s i b l e  s e t s  of c i rcu imstances .
( i )  | s  j = s > 0 i . e .  the  c o n t a c t  i s  th e  secondary .  ; Then
from F igu re  2 . 2 a ,
| s |  = s = t 2 + z2 -  ( z ^ - x j )
=> t 2 + z2 = z^ -  x 1 + | s |
and the  l i k e l i h o o d  c o n t r i b u t i o n  ( i . e . )  i s  g iven  by
p f 3 ( z r xi  + | s | ) .
( i i )  | s |  = —s > 0 i . e .  the  c o n t a c t  i s  the  p r im ary .  Then from 
F igure  2 .2b ,
- s  = | s |  = (z^ -x^)  -  ( t 2+z2)
=> t 2 + z 2 = z^ ~ x i “ | s |
and the  ' i . e .  i s
P f 3 ( z 1~ ^ 1~ I s I )?
Thus the  combined i . c . f o r  a Type I  c o n t a c t ,  c o n d i t i o n a l  on <J>, 
i s  g iven by
LI^  = pi!f 3 (z i —x 1 + 1 s | ) + f g C z j - X j - l s l  )} ( 2 .5 a )
and the  u n c o n d i t i o n a l  l i k e l i h o o d  c o n t r i b u t i o n  by
LI  = E<J) P^^ f 3^z l ‘'x 1 + l s l  ^ + f 3^z 1_ x l “ l s I )^1 * (2 .5b )
One, n e i t h e r  o r  b o th  of  the  arguments of  f ^ ( * )  may be n e g a t i v e ,  
depending on the  r e l a t i v e  magnitudes of  | s  j , x^ and z^ ,  thus  
producing  zero  d e n s i t i e s .  In  f a c t  b o th  arguments a r e  a c t u a l l y  equa l  
to  z^ -  x.j + s ,  b u t  the  va lue  s cannot  be observed .
2 . 3 . 2 .  L ik e l ih o o d  c o n t r i b u t i o n  f o r  a Type I I  c o n t a c t . ,
A Type I I  c o n t a c t  i s  a c o n t a c t  who i s  g iven  p r e v e n t i v e  t r e a t m e n t  
bu t  who n e v e r t h e l e s s  sub se q u en t ly  shows symptoms. Hence v a lu e s  f o r  
U and | s |  a r e  b o th  observed .  As in  § 2 . 3 .1 ,  we have two p o s s i b i l i t i e s :
( i )  | s |  = s > 0 i . e .  the  c o n t a c t  i s  the  secondary .  Thus
the  secondary  has  been given  p r e v e n t i v e  t r e a t m e n t ,  and
t 2 + Z2 = Z 1 ~ X 1 + I S I * :
So the  £ . c .  i s  given  by
P ^ ( S I ) f ^ ( z ^ - x ^ + j s j )
={pF^ ( u 1) + q ( 1-F T ( u 1) ) } f 5 (z.| -x^ + | s | )  by (2 . 2 ).
P r a c t i c a l  N o te : Since t r e a tm e n t  w i l l  on ly  be g iven  b e f o r e  th e  c o n t a c t ’ s!
symptoms appea r ,  f ^ O )  w i l l  be of  form (2 . 4 ) ,  so the  f a c t o r  
(uj)+q(1-F^, (u . j ))} ' c a n c e l s  and th e  L c  i s
z - x . + IsI
u .  1 1 1 1
p/  f 1( t ) f 2 ( z 1~x1 + | s | - t ) d t  + q j u ' f T ( t ) f 2(z^-x^ + | s | - t ) d b .
( i i )  Js |  = - s  > 0 i . e .  the  c o n t a c t  i s  the  p r im ary .  Thus t r e a t m e n t  
g iven  to  the  c o n t a c t  has  in  f a c t  been g iven  to  th e  p r im ary ,  l e a y i n g  
the  t r u e  secondary  u n t r e a t e d .  ( I n c i d e n t a l l y ,  th e  t r e a tm e n t  cannot  
have a f f e c t e d  th e  p r im ary ,  s i n c e  he must have a l r e a d y  been  a l a t e n t  
i n f e c t i v e  a t  th e  time of  h i s  t r e a tm e n t )  . So we have the  same s i t u a t i o n  
as §2.3.1  and £ . c .  g iven  by
P f  3 ( ^  1 ~x -j I s | ) •
Thus the  combined &.c.  f o r  a Type I I  c o n t a c t  i s  g iven  by
LII<{> = ^+cl (1 “Ft (u 1))  }f^(z^ 1 s | ) + p f ^ ( 2 1~Xi”-1 s | ) (2 .6 a )
and the  u n c o n d i t i o n a l  l i k e l i h o o d  c o n t r i b u t i o n  by
L j j  = E ^ t i p F ^ ( u l ) + q ( 1-FT ( u l ) ) } f 5 ( z l ~xl + | s | ) + p f 3 ( z 1“x ^ - | s | ) ] .  ( 2 , 6b)5 1 1
2 . 3 . 3 .  L ike l ihood  c o n t r i b u t i o n  f o r  a Type I I I  c o n t a c t .
A Type I I I  c o n t a c t  i s  an u n t r e a t e d  c o n t a c t  whose symptoms have
n o t  appeared up to  an observed  fo l low -up  t ime v .  His c i r c u m s ta n c e s  
a re  t h e r e f o r e  s i m i l a r  to  th o se  o f  a Type I  c o n t a c t ,  b u t  now J S j > v.
Thus tjie £ . c .  f o r  a Type I I I  c o n t a c t  i s  g iven  by
2 . 3 . 4 .  L ike l ihood  c o n t r i b u t i o n  f o r  a Type IV c o n t a c t ,
A Type IV c o n t a c t  i s  a t r e a t e d  c o n t a c t  whose symptoms have 
n o t  appeared up to  an observed  fo l low-up  t ime v .  The r e a s o n in g  
of  §2 .3 .2  may be fo l lowed  u s in g  the  observed  v a lu e  of  U, b u t  now 
w i th  |S |  > v.
v
I*T -p t J. _ "I — J i'T I ^m<j> JQ l<(> 1
v
= 1 -  J p { f 3 ( z 1- x 1 + | s | ) + f 3 ( z 1- x . j - | s | ) } d | s |
0
V
“ V
(2 .7 a )
z - x - v
and the  u n c o n d i t i o n a l  l i k e l i h o o d  c o n t r i b u t i o n  by
f„  (w)dw]
A A1 1
(2 .7 b )
The &.c.  f o r  a Type IV c o n t a c t  i s  g iven  by 
]'TV* ■ 1 -  f W | s |
V
= 1 -  J ({pF1 ( u p + q ( 1~FT (u^ ) ) } f 5 ( z 1~ x1 + | s I )+ p f3 ( z 1~ x1- |  s I ) ) d |  s I
v v
= 1 “ (pF .j (u .j) +q (1 -F^ (u ^) ) } J f 5 ( z l ~x1 + | s |  ) d |  s |  -  p j  f ^ C z ^ - x ^ l  s | )d | s  |
W v zr xi
= 1 -  {pF^(u^) +q( 1-F^(u  ^ ) ) } J f^(w)dw-pj  f 3 (w)dw ( 2 . 8a)
zr xi zr xr v
and the  u n c o n d i t i o n a l  l i k e l i h o o d  c o n t r i b u t i o n  by
W V z l - x 1
LIV = 1 -  E . [ (pF ^  (u . j )+q(1-F T( u 1) )}J ’ f 5 (w)dw]~E [p j  f 3 (w)dw].
z - x  r  z r x r v
' 1 (2 , 8b)
2 .4  ; FAMILIES WITH TWO PRIMARY CASES
The p r o b a b i l i t i e s  o b ta in e d  in  §2.3 .1  and §2 .3 ,2  r e f l e c t  th e  
assumption t h a t  when two s e t s  of  symptoms appear  i n  a fam i ly  we have 
a pr im ary  and a secondary  i . e .  t h a t  on ly  one i n d i v i d u a l  was i n f e c t e d  
by a source  o u t s i d e  the  household .  However, i t  i s  p o s s i b l e  t h a t  
bo th  i n f e c t i o n s  stem from an e x t e r n a l  i n f e c t i o u s  source  o r  s o u r c e s ,  
so t h a t  we have two p r i m a r i e s . In t h i s  s e c t i o n  we i n v e s t i g a t e  the  
c o n t r i b u t i o n  to  th e  l i k e l i h o o d  in  such c i r c u m s ta n c e s .
2 . 4 . 1 .  N o ta t io n  and a s s u m p t io n s .
Since we do n o t  wish to  imply any o r d e r i n g  of  the  two p r i m a r i e s  
we s h a l l  use s u b s c r i p t s  A and B to  d i s t i n g u i s h  between them.
We d e f in e  : 
PA’PB
ta -t b
XA’XB
ZA’ZB
Y0
the  susceptibilities of  p r im a r i e s  A and B r e s p e c t i v e l y .
r e s i s t a n c e  t imes  f o r  p r im a r i e s  A and B r e s p e c t i v e l y .
l e n g th s  of  l a t e n t  p e r io d s  f o r  p r i m a r i e s  A and B r e s p e c t i v e l y ,
l e n g th s  o f  in c u b a t io n  p e r io d s  f o r  p r i m a r i e s  A and B r e s p e c t i v e l y ,
the  l e n g th  of  t h a t  pap t  of  the  i n f e c t i o u s  p e r i o d  of  th e
e x t e r n a l  source  of  i n f e c t i o n  d u r in g  which A and B a r e
in  c o n t a c t  w i th  him.
Thus the  t ime p e r io d s  d e f in e d  above a r e  n o t  g e n e r a l l y  o b s e r v a b l e .  
We d e f in e  the  o b s e rv a b le  time p e r io d  by the  random v a r i a b l e
R = t ime from th e  appearance  of  the  f i r s t  s e t  of  symptoms to  th e  
appearance  of  th e  second s e t  of  symptoms.
Thus observed v a l u e s  of R a r e  always p o s i t i v e ,  and we do 
no t  s p e c i f y  which of  p r i m a r i e s  A and B i s  th e  f i r s t  t o  show symptoms 
(see  F igure  2 . 5 ) .
We d e f in e  the  event
BI = bo th  p r im a r i e s  a r e  e v e n t u a l l y  i n f e c t e d .
Assumption 2 .4  :
T. and T^ a r e  i . i . d .  w i th  d i s t r i b u t i o n  f u n c t i o n  A B
V c) ? FiP(tly0’BI)
and c o r re spond ing  d e n s i ty -  f^ ( • ) •
The c o n d i t i o n a l  form of -F^  ( • )  a r i s e s  s in c e  i n e q u a l i t i e s
‘a s yo
CB S y0
( 2b)
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\
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■D- I WO primary cases
must always ho ld  f o r  the  same rea s o n s  as c o n d i t i o n  (2a) of  §2 . 1. 2
in  the  pr im ary  and secondary  framework.  Thus F ^ ( t )  = 1 f o r  t  > y^,
So the  d i s t r i b u t i o n  of  the  exposure t ime Yq i s  o f  i n t e r e s t .
In o rd e r  to  make the  model bo th  r e a l i s t i c  and m a th e m a t ic a l ly  t r a c t a b l e  
wo s h a l l  make one more assumpt ion about  th e  manner i n  which A and
B a re  exposed to  the  e x t e r n a l  i n f e c t i o u s  source  :
Assumption 2 .5  :
Both f am i ly  p r i m a r i e s  a r e  exposed to  i n f e c t i o n  from th e  same 
i n s t a n t  in  t ime ,  and a r e  always exposed a t  the  same t im es .
Assumption 2 .5  may, f o r  i n s t a n c e ,  be a r e f l e c t i o n  o f  th e  r a r i t y  
of  the  d i s e a s e  in  the  community, so t h a t  two members of a f a m i ly  
a re  only l i k e l y  to  come in t o  c o n t a c t  w i th  a s i n g l e  i n f e c t i o u s  source  
du r ing  an ou tb reak  . In  h i s  i n v e s t i g a t i o n s  i n t o  th e  d i s t r i b u t i o n s  
of  i n c u b a t io n  p e r io d s  of  i n f e c t i o u s  d i s e a s e s ,  S a r t w e l l  (1950,1966) 
d i s c u s s e s  the  e f f e c t  t h a t  assumptions  s i m i l a r  to  2 .5  may have when 
modell ing  such d i s t r i b u t i o n s .  The assumption  im p l ie s  t h a t  Yq w i l l  
have the  same va lu e  f o r  bo th  fam i ly  s u s c e p t i b l e s ,  b u t  w i l l  have a 
d i s t r i b u t i o n  over househo lds .
The d i s t r i b u t i o n  of Yq over househo lds  i s  u n l i k e l y  t o  be 
the  same as  t h a t  f o r  Y^  when the  pr im ary  and secondary framework 
was co n s id e re d ,  s i n c e  A and B w i l l  r a r e l y  be in  c o n t a c t  w i th  
the  e x t e r n a l  source  th roughou t  h i s  i n f e c t i o u s  p e r i o d .  I t  i s  more 
p robab le  t h a t  v a lu e s  of  Yq w i l l  be f a i r l y  s m a l l ,  thus  t h e r e  w i l l  
be a h igh  p r o b a b i l i t y  t h a t  T^ and Tg a r e  r e s t r i c t e d  to  smal l  
v a l u e s ,  by c o n d i t i o n  (2b ) .
F igu re  2 .5  shows the  course  of d i s e a s e  when a household  has  
two pr im ary c a s e s .  From F igu re  2 .5 a ,  when A i s  the  index ,  the
o bse rvab le  time between symptoms r  i s  given  in  terms of  u n obse rvab le  
t ime p e r io d s  by
r  "  ( t B+ZB) '  ( t A+ZA>•
S i m i l a r l y  from F ig u re  2 .5 b ,  w i th  B as  the  index we have 
r  = ( t A+ZA} " ( e B+ E B ) ; .
The symmetry of  th e s e  two s i t u a t i o n s  i s  c l e a r ,  and in  g e n e r a l  
we may w r i t e
r -  K V ^ - C W i '
We have observed above t h a t  v a lu e s  t ^  and t ^  a r e  l i k e l y  
to  be smal l  when the  p e r io d  of  exposure to  e x t e r n a l  i n f e c t i o n  i s  
s h o r t ,  in  which case  r  r e f l e c t s  l a r g e l y  the  v a r i a t i o n  in  i e n g t h  
of  the  two i n c u b a t io n  p e r i o d s ,
i . e .  r  s ! za~zb I-
Thus f o r  d i s e a s e s  whose in c u b a t io n  p e r io d s  f y p i c a l l y  d i s p l a y  
l i t t l e  v a r i a b i l i t y  (see  the  comments on v i r u s  d i s e a s e s  in  §6 . 3 ) ,  
the  p o s s i b i l i t y  of  two primary cases  i s  p robab ly  only  wor th  c o n s i d e r a t i o n  
when the  time between the  appearance  of  symptoms in  th e  two c a s e s  
i s  s h o r t .
2 . 4 . 2 .  L ik e l ih o o d  c o n t r i b u t i o n  w i thou t  p r e v e n t i v e  t r e a t m e n t .
We now i n v e s t i g a t e  the  c o n t r i b u t i o n  made to  the o v e r a l l  l i k e l i h o o d  
f o r  the  d a t a  when no p r e v e n t i v e  t r e a tm e n t  i s  g iven  to  e i t h e r  p r im a ry ,  
and the  inter -symptoms i n t e r v a l  i s  of  l e n g th  r .
D e f i n i t i o n  2.4
Pq(C) deno tes  the  p r o b a b i l i t y  o f  an even t  C? g iven  y^ .  
i . e .  P0 (C) = P ( c | y Q) .
Then, assuming independence of  the  two p r i m a r i e s ,
V B1) " V b-
Assumption 2.6  :
and Zg a r e  i . i . d .  w i th  d i s t r i b u t i o n  f u n c t i o n
^ ( z )  = F^pCz |y Q ,B I ) , where F2p ^  = ® f o r  z <
and co r respond ing  d e n s i t y  F2p^*^‘
Then u s ing  Assumptions 2 .3  (§2 .2 )  and 2 . 6 ,  T + Z andA A
Tg + Zg w i l l  be i . i . d .  w i th  d e n s i t y
f 3p(w) = f 3p (wly0>BI) :
given  by
f 3p (w) -  <
w
j  f .  ( t ) f 9 ( w - t ) d t  w > 0 , 
0 p p
e l sew h ere .
and we r e q u i r e  the  d e n s i t i e s  o f  (Ta +Za ^ TB+ZB^  an4 ^TB+ZB^” ^TA+ZA^
a t  the  observed va lu e  r .
W r i t ing  M = T + Z. and N = T.D + Z^, M and N a r e  i . i . d .
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random v a r i a b l e s  w i th  d e n s i t y  f^  ( • ) .  Thus the  d e n s i t y  o f  M-N
(or e q u i v a l e n t l y  N“M) i s  g iven  by
/  f Q ( t + r ) f  ( t ) d t  r  > 0 ,
0 p 3p
f M-N( r ly0 ,BI) = f M ~ N ^  = f
0 o t h e r w i s e ,
and the  l i k e l i h o o d  c o n t r i b u t i o n  f o r  th e  double pr im ary  s i t u a t i o n  
w i th  no p r e v e n t iv e  t r e a tm e n t  i s
00
2pAPB|  f 3 p ( t + r ) f 3 p ( t ) d t
The co r respond ing  u n c o n d i t i o n a l  l i k e l i h o o d  c o n t r i b u t i o n  i s  
o b ta in ed  by ta k in g  the  e x p e c t a t i o n  over  the  d i s t r i b u t i o n  of  Yq , g iv in g
Lp = 2EY0 CpAPbJ f 3p ( t + r ) f 3 p ( t : ) d t ] '
2 . 4 . 3 .  The e f f e c t  of  t r e a tm e n t  and some comments.
The c o n t a c t  w i l l  sometimes be g iven  p r e v e n t i v e  t r e a t m e n t  d u r in g  
the  in te r -symptoms p e r io d  ( i . e .  b e f o r e  h i s  own symptoms a p p e a r ,  b u t  
a f t e r  those  appea r ing  in  the  i n d e x ) . The l i k e l i h o o d  c o n t r i b u t i o n ,  
a l though  com pl ica te^ ,  may be de termined  in  such c i r c u m s ta n c e s .  However, 
i t  i s  u n l i k e l y  to  be of  much p r a c t i c a l  use  owing to  the  r e s t r i c t i o n s  r 
p la ced  on the  d i s t r i b u t i o n  of  random v a r i a b l e  Yq .
Since Yq i s  l i k e l y  to  be r e s t r i c t e d  to  siriall v a l u e s ,  c o n d i t i o n  
(2b) im pl ie s  t h a t  T^ and Tg w i l l  be s i m i l a r l y  r e s t r i c t e d .  T h e r e f o re  
p r e v e n t i v e  t r e a tm e n t  w i l l  r a r e l y ,  i f  e v e r ,  be g iven  i n  t ime under  
the  assumpt ions  we have made f o r  households  which c o n t a i n  two p r i m a r i e s .
We s h a l l  thus  n o t  c o n s id e r  the form o f  the  l i k e l i h o o d  c o n t r i b u t i o n  
f o r  th e  t r e a t e d  double pr im ary  s i t u a t i o n .
Indeed,  i f  we r e c a l l  the  q u a n t i t i e s  of  i n t e r e s t  in  the  model ,  
i t  i s  u n l i k e l y  t h a t  even i n c l u s i o n  of  th e  u n t r e a t e d  c o n t r i b u t i o n  
Lp w i l l  be w or thwhile .  We a r e  e s p e c i a l l y  concerned  w i th  the  form 
of  the  d i s t r i b u t i o n  of  r e s i s t a n c e  t ime T s in c e  t h i s  has  i m p l i c a t i o n s  
f o r  f u t u r e  a d m i n i s t r a t i o n •of p r e v e n t iv e  t r e a t m e n t .  S ince  the  d i s t r i b u t i o n  
of  Yq (and thus  a l s o  of  T^, Tg) i s  c o n s i d e r a b l y  r e s t r i c t e d ,  l i t t l e  
in fo rm a t io n  may be ga ined  about  the  d i s t r i b u t i o n  o f  T f o r  a  c o n t in u o u s  
ex tended p e r io d  of  exposure to  i n f e c t i o n .  Hence th e  i n c l u s i o n  o f  
households  w i th  two p r im a r i e s  i s  p robab ly  n o t  wor th  the  e x t r a  c o m p l i c a t i o n s  
invo lved .
2.5 ; CONCLUDING REMARKS
The mathemat ica l  model deve loped above has  d e l i b e r a t e l y  used  
only  g e n e ra l  assumpt ions  which a r e  h o p e f u l l y  a p p l i c a b l e  to  a wide 
range  of  d i s e a s e s .  I t  i s  i n t e r e s t i n g  to  c o n s id e r  b r i e f l y  how i t  
could be adap ted  to  incorporate more s p e c i f i c  r e q u i r e m e n t s .
We have assumed above t h a t  p r e v e n t i v e  t r e a t m e n t  m o d i f i e s  an 
i n d i v i d u a l ' s  s u s c e p t i b i l i t y  p to  q as soon as  i t  i s  a d m i n i s t e r e d .
We may a l s o  c o n s id e r  t h i s  sudden drop in  s u s c e p t i b i l i t y  to  occur  
a t ime 6 a f t e r  a d m i n i s t r a t i o n ,  o r  env i sage  a g ra d u a l  d e c l i n e  from
p to  q over  a s p e c i f i e d  i n t e r v a l  of  t ime.
During the  course  of  an ep idemic ,  r e c o g n i s e d  i n f e c t i v e s  a r e  
sometimes i s o l a t e d ,  u s u a l l y  a f t e r  t h e i r  symptoms have ap p ea red .  T h e r e f o re  
we may c o n s id e r  how i s o l a t i o n  of  the  f am i ly  index  would a f f e c t  our  
model.  I f  the  index i s  the  p r im ary ,  the n  i s o l a t i o n  w i l l  reduce  the  
s e c o n d a ry ' s  exposure time from the  o r i g i n a l  va lu e  y^ .  Two c a s e s  
r e q u i r e  c o n s i d e r a t i o n  :
( i )  z^ ^ x^ : e f f e c t i v e  i s o l a t i o n  o f  the  index  on appea rance
of h i s  symptoms w i l l  com ple te ly  remove th e  househo ld  
source  of  i n f e c t i o n .
( i i )  x.j < z.j : i s o l a t i o n  w i l l  e f f e c t i v e l y  s h o r t e n  th e  i n d e x '
i n f e c t i o u s  p e r io d  from y^ to  • Th is
r e d u c t i o n  w i l l  o b v io u s ly  a f f e c t  the  s e c o n d a r y ' s  
r e s i s t a n c e  t ime d i s t r i b u t i o n .
I f  we a r e  i n t e r e s t e d  in  the  r a t i o  of  between-household  to  w i t h i n -  
household  i n f e c t i o n s ,  we may use th e  p r im ary - se co n d a ry  and double  
primary e x p re s s io n s  f o r  th o se  households  w i th  two c a s e s  o f  d i s e a s e .
The two e x p re s s io n s  may be combined w i th  a mixing p r o p o r t i o n  i n  th e  
o v e r a l l  l i k e l i h o o d  f o r  the  d a t a ,  and e s t i m a t i o n  o f  t h i s  p r o p o r t i o n  
may then  p rov ide  c lu e s  to  the  main mode of  d i s s e m i n a t i o n  o f  t h e  d i s e a s e .
The g e n e ra l  model i s  developed only  f o r  f a m i l i e s  w i th  two s u s c e p t i b l e s  
Ex tens ions  to l a r g e r  numbers of  s u s c e p t i b l e s  a r e  p o s s i b l e ,  b u t  w i l l  
soon become com pl ica ted ,  as  the  sources  of  i n f e c t i o n  f o r  s u c c e s s iv e  
cases: may become i n c r e a s i n g l y  d i f f i c u l t  to  t r a c e .
The model i n  i t s  most g e n e ra l  form i s  o b v io u s ly  n o t  immediately  
a p p l i c a b l e  to  any p a r t i c u l a r  s e t  of  d a t a .  In  the  n ex t  c h a p t e r  we 
show how a few a d d i t i o n a l  s imple b u t  r e a l i s t i c  assumpt ions  w i l l  a l low  
easy a p p l i c a t i o n  f o r  d a t a  a n a l y s i s .
CHAPTER 3 : SIMPLIFICATION AND APPLICATION OF THE MODEL
3.1 : PRELIMINARIES
Bai ley  (1975,  Chapter  3) observes  t h a t  a s o p h i s t i c a t e d  m a them a t ica l  
model f o r  the spread  of d i s e a s e  should use  the  j o i n t  p r o b a b i l i t y  
d i s t r i b u t i o n  f o r  the  v a r io u s  e p id e m io lo g ic a l  t ime p e r i o d s ,  b u t  t h a t  
such a degree of  g e n e r a l i t y  may cause c o n s i d e r a b l e  a n a l y t i c a l  d i f f i c u l t i e s .  
We s h a l l  t h e r e f o r e  f i r s t  c o n s id e r  the  form of our  s t o c h a s t i c  model 
when few s im p l i f y in g  assumptions  a re  made. This  i s  in t e n d e d  s o l e l y  
as an i n d i c a t i o n  of  the  magnitude of  any such problems ,  and as we 
s h a l l  d i s c u s s  l a t e r  some of t h e s e  i n i t i a l  assumptions  a r e  r a t h e r  
u n r e a l i s t i c .
Since the  e x p o n e n t i a l  d i s t r i b u t i o n  (NED) i s  among the s im p l e s t  
of  the t r a d i t i o n a l  s u r v i v a l  time d i s t r i b u t i o n s ,  l e t  us assume t h a t  
a l l  the time p e r io d s  a r e  d i s t r i b u t e d  e x p o n e n t i a l l y  and in d e p e n d e n t ly .
W ri t ing  the e x p o n e n t i a l  d i s t r i b u t i o n  wi th  mean as NED(p), l e t
us assume
X ^ NED(X) 
Y 'b NED(y)
Zy Z2 a, NED(a)
where A > 0,  y > 0,  a > 0 take  d i f f e r e n t  v a l u e s .
F u r t h e r , suppose t h a t  d . f .  G( t)  (see  § 2 .1 .5 )  i s  g iven  by
f o r  some 3 > 0 , ( 3^A, 3^Y> 3^oc) , so t h a t  the  d i s t r i b u t i o n  f u n c t i o n
of T^ i s  given by
0 <t<y
F , ( t )  =
0 e l s e w h e r e .
Then from ( 2 . 1 a ) ,  the d e n s i t y  of  f o r  an u n t r e a t e d
secondary i s  given by
m,. ~3t  "*a(w-t) , .c / \ r 3e ae ' d tf (w) = j - - - - - - - - r r - ------  W>0,
0 1- e  p y 1
where m = min(w,y^) ,  which becomes
nl  -aw “ 3Wn a 3 (e -e  K
,3<.,. ?
3 '  : l - =  6y l ) ( e - a )  1
0 e l s ew h e re .
E xp ress ions  f o r  may ° f  course  a l s o  be found when the
e x p o n e n t i a l  pa ram ete r s  do no t  a l l  t a k e . d i f f e r e n t  v a l u e s .
From (2 .5b)  the  l i k e l i h o o d  c o n t r i b u t i o n  f o r  a Type I  c o n t a c t  
in v o lv es  a term E^[pf^(z^~x. |  + j s () ] .  Using the  form of f  ^ C * ) above
and dropping s u b s c r i p t s  we f in d
2
E [ p f 3 fc.-x + | s | ) ]  = £ ^ X
- 2az - (A -a )x  -yy- a  s r r r c e e ' '  , , ,
e  1J J J  -------------  d x d y d z
R 1 ( 1 - e  3 y )
- 3 ls l  r r r  e " a " 3 )x e"'Yye " (cx+3)zi
■e 31 ' / / / - ----------------------------  dxdydz
R1 ( 1- e  3y)
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where = { ( x , y , z )  : 0 <z-x+ |s |<y}  
R0 = { ( x , y , z) : z ~ x + | s | £ y ) .
L ike l ihood  c o n t r i b u t i o n  L.^ . in v o lv es  a s i m i l a r  second term; thus  
we beg in  to r e a l i s e  the  r e l a t i v e  m a them at ica l  i n t r a c t a b i l i t y  o f  the 
model in t h i s  g e n e ra l  form, even u s in g  the c o m p u ta t i o n a l l y  c o n v e n i e n t  NED.
On r e f l e c t i o n ,  the  assumption of  independence of  X^  and 
seems i n t u i t i v e l y  u n reas o n ab le .  The l a t e n t  and in c u b a t io n  p e r io d s  
beg in  s im u l tan e o u s ly  on the r e c e i p t  of  i n f e c t i o n ,  and a r e  bo th  conce rned  
w ith  the  i n t e r n a l  b i o l o g i c a l  development of  i n f e c t i o n  in  the  i n d i v i d u a l .  
Hence i t  seems more r e a s o n a b le  t h a t  t h e i r  l e n g th s  should  somehow 
be r e l a t e d .  The p r e c i s e  n a t u r e  of  t h i s  r e l a t i o n  w i l l  depend on the  
c h a r a c t e r i s t i c s  of the  p a r t i c u l a r  d i s e a s e  s t u d i e d .  In the  n e x t  s e c t i o n  
we propose a r e a l i s t i c  method of  l i n k i n g  the  two p e r io d s  and i n v e s t i g a t e  
the r e s u l t i n g  ma thematica l  s i m p l i f i c a t i o n .
3.2 : A RELATIONSHIP BETWEEN THE LATENT AND INCUBATION PERIODS
When d e s c r i b i n g  the  c l i n i c a l  m a n i f e s t a t i o n s  of  i n f e c t i o u s  d i s e a s e s ,  
most medica l  t e x t s  c i t e  a "u sua l  range"  f o r  the  l e n g th  of  the  i n c u b a t i o n  
p e r io d  and s t a t e  t h a t  i n f e c t i o u s n e s s  b eg in s  somewhat e a r l i e r  than  
the  end of t h i s  p e r io d .  C h r i s t i e  (1980) o b s e rv e s ,  f o r  example,  t h a t  
f o r  meas les  " p a r e n t s  may d a t e  t h e i r  c h i l d ' s  i n f e c t i o n  from th e  day 
of  the  r a s h  in  the i n f e c t i n g  case  i n s t e a d  of  two of  t h r e e  days e a r l i e r  
in  the in c u b a t io n  p e r i o d " .
Therefore it seems not unreasonable that we should propose 
a relationship between X and Z of the form
Z = X + p (3a)
fo r  some c o n s t a n t  p. In p r a c t i c e ,  p may be r ega rded  e i t h e r  as  
a known c o n s t a n t ,  or as a param ete r  to be e s t i m a t e d .
We shall restrict attention to
p £ 0
since this appears medically to be the most common occurrence. The 
special case p = 0 may indicate a disease which is only spread 
via its symptoms.
I n s p e c t i o n  of  the  e x p r e s s io n s  o b ta in ed  f o r  the  s e c o n d a r i e s  
in  Chapter  2, in  p a r t i c u l a r  the  mode of t h e i r  dependence on the  p r im a r y s '  
time p e r i o d s ,  <J) = (x^ ,y ^ , z.j) , i n d i c a t e s  t h a t  th e  proposed  r e l a t i o n s h i p  
may a l s o  be m a th e m a t ic a l ly  u s e f u l .  The c o n d i t i o n a l  L c . ' s  depend 
on the  d i s t r i b u t i o n s  of  and s o l e l y  th rough  the  a c t u a l  v a lu e
z^ “ x i> now e<l u a l  to  p .
Thus we have
S = T 2 + Z2 "  U 1 = U + / J»
and the  u n c o n d i t i o n a l  J i . c . ' s  may now be o b ta in e d  by ta k in g  the  e x p e c t a t i o n  
over the  d i s t r i b u t i o n  of Y on ly .
The assumption p r? 0 a l s o  al lows us p o s i t i v e l y  to i d e n t i f y
the  c o n t a c t  as  the  secondary ,  f o r  i t  i s  c l e a r  from i n s p e c t i o n  of 
F igure  2.2  t h a t  case  (b) cannot  a r i s e  i f  z^ -  x^ = z^ ~ X2 = p •
3 . 2 . 1 .  L ike l ihood  c o n t r i b u t i o n s  f o r  the  c o n t a c t s .
We s h a l l  now i n v e s t i g a t e  the  forms of  the  Z . c . ' s  f o r  each of  
the  fo u r  types  of  c o n t a c t s  assuming the  r e l a t i o n s h i p  Z = X + p,  
p ^ 0. There fo re  we impose the c o n d i t i o n s
Zj -  x 1 = p £ 0
on the  e x p re s s io n s  o b ta in e d  in  §2.3 .
For a Type I  c o n t a c t ,  e x p re s s io n  (2 .5b)  becomes
Lj = Ey [ p f 3 (s+p)]  ( 3 .1 )
where the  e x p e c t a t i o n  i s  taken  only over the  d i s t r i b u t i o n  of  Y^,
and the  second term of (2 .5b)  d i s a p p e a r s  a l t o g e t h e r  s i n c e ,  as  d i s c u s s e d
above,  the c o n t a c t  must be the secondary .
For a Type I I  c o n t a c t ,  e x p re s s io n  (2 .6b)  becomes 
L1T = Ey [{pF1 (u+p)+q(1-FT (u + p ) )} f 5 (s+jj)]
u+p s+p
u s
= Ey [p j  f  1 ( t + p ) f 2 ( a - t ) d t + q J u f ( t + p ) f 2 ( s - t ) d t ] , (3 .2 )
1 -JJ
where we have assumed form (2 .4 )  f o r  f c ( : ) and c a n c e l l e d  the  f a c t o r s_>
{pF (u+p)+q(1-F (u+p))} ,  Again,  the  e x p e c t a t i o n  i s  taken  on ly  over 
the  d i s t r i b u t i o n  of  and the  second term of ( 2 . 6b) d i s a p p e a r s .
For a Type I I I  c o n t a c t ,  u s ing  the n o t a t i o n  f o r  c o n d i t i o n a l  A . c . ' s  
fo l lowed  in  §2.3 ,  we have
v
l i i i y 1 = 1 "  o L][Yi ds
v
= 1 -  /  p f~ (s+p)ds  
0
thus
v+p
LI I I  = 1 “ Ey *-pJp E3 (w)dw] . (3 .3 a )
I f  we assume t h a t  d i s t r i b u t i o n  f u n c t i o n  F^(w) = F ^ (w |^ ,S I )  i s  g iven  
by
t
F „ ( t )  = J f (w)dw, t  > 0 
0
then may be w r i t t e n
LI I I  = 1 “ EY i [p{F3 (v+P')-F3 ( p ) } ] .  ( 3 .3 b )
I f  the  fo l low-up  t ime may be r ega rded  as v i r t u a l l y  i n f i n i t e ,  
then we have v = «>, and
LI I I  = 1 “ EY l [P{ 1“F3 ( p ) } ] *
L a s t l y ,  f o r  a Type IV c o n t a c t ,  we have
v
LIVY = 1 ~ ^PF -| U  f 5 ( s +h )d s  (3 .4 a )
v u s
= 1 -  j  (pj  f ^ ( t + p ) f 2 ( s - t ) d t + q J uf T( t + p ) f 2 ( s - t ) d t } d s .
0 -p U ,
Hence
v u v s
LIV = 1 -  Ey [p j  /  f 1( t + p ) f 2 ( s - t ) d t d s + q j  / u f T ( t + p ) f 2 ( s - t ) d t d s .]  (3 .4b )
1 0 -p 0
3 . 2 . 2 .  The s p e c i a l  case p = 0 .
When symptoms and i n f e c t i o u s n e s s  beg in  t o g e t h e r ,  we have the  
s p e c i a l  case  p = 0. Since  t h i s  p a r t i c u l a r  e v e n t u a l i t y  w i l l  be i n v e s t i g a t e d  
f u r t h e r  in  l a t e r  c h a p t e r s ,  we reproduce  he re  th e  e x p r e s s io n s  o b t a in e d  
above f o r  p = 0 :
L]. = Ey [ p f 3 (s)  ( 3 .5 )
u s
LI I  = EY ^  f  1 ^ ^ ( s - t J d t + q ^ f ^ t ^ C s - O d t ]  (3 .6 )
l i i i  = 1 "  ey [ p f V v ) - F3 (0)}]
= 1 -  E [p] when v = «>, assuming F~(0) = 0 .  (3*7)
1
3.3 : THE DISTRIBUTIONS OF THE UNDERLYING TIME PERIODS
The unobservab le  time p e r io d s  of the model f a l l  n e a t l y  i n t o  
two groups : the  l a t e n t  and in c u b a t io n  p e r io d s  (random v a r i a b l e s  
X and Z r e s p e c t i v e l y ) ,  and the  r e s i s t a n c e  t ime and i n f e c t i o u s  
p e r io d  (T and Y r e s p e c t i v e l y ) .  We s h a l l  c o n s id e r  b r i e f l y  some 
d i s t r i b u t i o n s  which may be used to model t h e s e  p e r i o d s .
3 . 3 . 1 .  The l a t e n t  and i n c u b a t io n  p e r i o d s .
There i s  a l r e a d y  a good de a l  of  i n fo rm a t io n  a v a i l a b l e  on in c u b a t i o n  
and l a t e n t  p e r i o d s ,  bo th  from medica l  sources  and e x i s t i n g  m a them a t ica l  
models . For i n s t a n c e ,  the  con t inuous  i n f e c t i o n  type model d i s c u s s e d  
in  §1.3 assumes
X = 0
whereas ch a in -b in o m ia l  models assume
Z = c
f o r  some c > 0 .
A m o d i f i c a t i o n  of  the  s t r i c t  ch a in -b in o m ia l  model by B a i ley  
and A l f f - S t e i n b e r g e r  (1970) assumes t h a t  X i s  no rm al ly  d i s t r i b u t e d ,  
thus  a l low ing  the  u n r e a l i s t i c  p o s s i b i l i t y  X < 0.
In  a more p r a c t i c a l  approach ,  S a r tw e l l  (1950,1966) found t h a t  
lognormal d i s t r i b u t i o n s  a d e q u a te ly  d e s c r i b e  the  v a r i a t i o n  in  i n c u b a t i o n  
p e r io d s  f o r  many common d i s e a s e s .  By c o n s i d e r i n g  the  p roposed  b i r t h -  
and-dea th  p rocess  of  an u n d e r ly in g  v i r u s  or  b a c t e r iu m ,  and viewing 
Z as the  time of  f i r s t  passage  to a h igh  p o p u l a t i o n  l e v e l ,  Will iams  
(1965) suppor ts  S a r tw e l l * s  o b s e r v a t i o n s  of  p o s i t i v e l y  skew i n c u b a t i o n  
p e r io d  d i s t r i b u t i o n s .
An approach by B a i ley  (1964) f o r  smal l  ep idemics  in  l a r g e  p o p u l a t i o n s ,  
d i s c u s s e d  by Morgan (1964),  p roposes  a l a t e n t  p e r io d  which i s  p r o p o r t i o n a l
to  X v a r i a t e s .  He env i sages  a number of  h y p o t h e t i c a l  independen t
s t a g e s  dur ing  the l a t e n t  p e r i o d ,  the  l e n g th  of  each s t a g e  be in g  e x p o n e n t i a l l y
d i s t r i b u t e d .  Gough (1977) develops  t h i s  approach  w i th  some g e n e r a l i z a t i o n s
in  o rd e r  to  e s t i m a t e  the  l a t e n t  p e r io d  of  m e as le s ,  w h i l s t  Anderson
and Watson (1980) i n v e s t i g a t e  the  p r o g r e s s  of  an epidemic when the
l a t e n t  p e r io d  i s  assumed to  have a gamma d i s t r i b u t i o n .
Many of the models d i s c u s s e d  above a r e  concerned  w i th  ep idemics  
in  l a rg e  p o p u la t i o n s  where i n f e c t i v e s  a re  removed from c i r c u l a t i o n  
when t h e i r  symptoms appea r .  Thus the i n f e c t i o u s  p e r io d  i s  f o r e s h o r t e n e d  
by i s o l a t i o n ,  and we have e f f e c t i v e l y
Z = X + Y.
However, our  model i s  concerned w i th  the  sp read  of  i n f e c t i o n  
in  small  f am i ly  groups where i n f e c t i v e s  cannot  be i s o l a t e d  e f f e c t i v e l y ,  
and we assume a r e l a t i o n  between X and Z of  th e  form
Z = X + jj
as proposed in  §3 . 2 .
T he re fo re  we r e q u i r e  a d i s t r i b u t i o n  f o r  Z which should  i d e a l l y  
be both  r e a l i s t i c  and m a th e m a t ic a l ly  c o n v e n ie n t .  In l a t e r  c h a p t e r s  
we i n v e s t i g a t e  some p o s s i b i l i t i e s :
( i )  Constan t  in c u b a t io n  p e r io d  (Z i s  d e g e n e r a t e ) . j
( i i )  Uniform d i s t r i b u t i o n .
( i i i )  "Trapezium” d i s t r i b u t i o n  (See Chapter  4 ) .
( iv )  NED.
(v) Weibul l  d i s t r i b u t i o n .
3 . 3 . 2 .  The r e s i s t a n c e  t ime and i n f e c t i o u s  p e r i o d .
E x i s t i n g  models have tended to  r e g a rd  th e  end of  th e  i n f e c t i o u s  
p e r io d  as the  removal from c i r c u l a t i o n  of  an i n f e c t i v e  on ap p ea rance  
of  h i s  symptoms. They do n o t , t h e r e f o r e , e n v i sa g e  a n a t u r a l  d e c l i n e
in  i n f e c t i v i t y ,  and as observed in  §3 .3 .1  e f f e c t i v e l y  assume
Y = Z -  X.
Chain-b inomial  models assume a v e ry  s h o r t  i n f e c t i o u s  p e r i o d  
which may be rega rded  as a s i n g l e  p o i n t .  The m odi f ied  model by B a i l e y  
and A l f f - S t e i n b e r g e r  (1970) ex tends  the  i n f e c t i o u s  p e r io d  to  a c o n s t a n t  
l e n g t h ,  du r ing  which t ime i n f e c t i o n  i s  taken  to  be a P o is s o n  p r o c e s s :  
t h i s  l a t t e r  a s p e c t  may be viewed as e q u i v a l e n t  to  assuming a NED 
f o r  r e s i s t a n c e  time T. E x p o n e n t i a l ly  d i s t r i b u t e d  r e s i s t a n c e  t imes  
a re  a l s o  c ons ide re d  by F a rew el l  (1977) .
The g en e ra l  c o n t i n u o u s - i n f e c t i o n  model assumes t h a t  the  i n f e c t i o u s
p e r io d  up to  removal i s  approx im ate ly  e x p o n e n t i a l  in  d i s t r i b u t i o n
whereas B a i l e y ’ s model (1964) f o r  l a rg e  p o p u la t i o n s  a l low s  f o r  m u l t i -
2s t a g e  removals  so t h a t  the i n f e c t i o u s  p e r io d  has  a x d i s t r i b u t i o n .
Gough (1977) uses  th is  same type of  approach b u t  a l s o  c o n s id e r s  th e  
case of non-uniform i n f e c t i o u s n e s s .  Anderson and Watson (1980) s i m i l a r l y  
propose a gan m a-d is t r ib u ted  i n f e c t i o u s  p e r io d  composed of  the sum 
of a number of  i . i . d .  NED i n f e c t i o u s  " s t a g e s " .
For our model,  the form of the  d i s t r i b u t i o n  of  T i s  l i k e l y  
to  be of more impor tance than  t h a t  assumed f o r  Y. As s t a t e d  in  
§1.1 ,  the  shape of  F ^ ( t )  has i m p l i c a t i o n s  f o r  t r e a tm e n t  e f f e c t i v e n e s s .  
Fur thermore ,  the  shape may accommodate v a r i a t i o n  in  the  i n f e c t i o u s n e s s  
of the  index over t ime,  hence i f  the  d i s t r i b u t i o n  t a i l s  o f f  r a p i d l y ,  
then the va lue  y^ may be r e l a t i v e l y  u n im p o r ta n t .  Medical  t e x t s  
( f o r  example,  C h r i s t i e  (1980))  i n f e r  t h a t  t h i s  r a p i d  d e c l i n e  i n  i n f e c t i o u s n e s s  
i s  a f e a t u r e  of  many common i n f e c t i o u s  d i s e a s e s  (see  the  remarks 
on v i r u s  i n f e c t i o n s  in  § 6 .3 ) ,  In l a t e r  c h a p t e r s  we s h a l l  i n v e s t i g a t e  
the  fami ly  of  g e n e r a l i z e d  gamma d i s t r i b u t i o n s  as p o s s i b l e  a p p ro x im a t io n s  
to the unknown t r u e  d i s t r i b u t i o n  of  T. This  fam i ly  has been used  
e x t e n s i v e l y  in  the  mode l l ing  of  f a i l u r e  t im es ,  and i n c o r p o r a t e s  th e
Weibull ,  gamma and e x p o n e n t i a l  d i s t r i b u t i o n s  as s p e c i a l  c a s e s ,  and 
the  lognormal as a l i m i t i n g  ca se .
The model assumes t h a t  a t r a n s i t i o n  from F ^ ( 0  to  F^C*) 
occurs  when p r e v e n t i v e  t r e a tm e n t  i s  a d m in i s t e r e d .  Since the  d a t a  
ana lysed  in  l a t e r  c h a p t e r s  c o n t a in  few t r e a t e d  c a s e s  who su b se q u e n t ly  
became i n f e c t e d ,  t h e r e  i s  l i t t l e  b a s i s  f o r  i n v e s t i g a t i n g  a d i f f e r e n t  
form f o r  F ^ O ) .  More g e n e r a l l y ,  one might  a l low  the  p a ram ete r s  
of F ^ ( 0  to  v a ry  between d e f in e d  subgroups in  th e  d a t a .
The s im p l e s t  assumption  we may make about  the  l e n g th  of  the
i n f e c t i o u s  p e r io d  i s  t h a t  the  va lu e  y^ i s  c o n s t a n t  f o r  a l l  i n d i v i d u a l s .  
We may impose a r e a s o n a b le  f i x e d  va lue  f o r  y^ f o r  any p a r t i c u l a r  
d i s e a s e  based on medica l  in fo rm a t io n ,  or  may a t tem p t  to  e s t i m a t e  
the  degene ra te  random v a r i a b l e  Y^. As we s h a l l  see i n  l a t e r  c h a p t e r s ,  
t h i s  l a t t e r  course  may p r e s e n t  problems r e l a t e d  to  the  a sy m p to t ic  
p r o p e r t i e s  of the  r e s u l t i n g  maximum l i k e l i h o o d  e s t i m a t e .
3.4 : REPRESENTATION OF INDIVIDUAL SUSCEPTIBILITY
The concept  of  an i n d i v i d u a l ’ s s u s c e p t i b i l i t y  to  i n f e c t i o n  
has been w el l  e s t a b l i s h e d  s in c e  the development of  the  f i r s t  m a th e m a t ic a l
models f o r  the  spread of  d i s e a s e .  Indeed F r o s t  (1976) ,  in  a l e c t u r e
d e l i v e r e d  a t  Harvard U n i v e r s i t y  in  1928, observed  t h a t  “ . . . i f  i t  
were p o s s i b l e  to  measure the s u s c e p t i b i l i t y  of  a l l  i n d i v i d u a l s  and 
c l a s s i f y  them a c c o r d in g ly ,  they  would f a l l  . . .  i n t o  many c l a s s e s  
accord ing  to t h e i r  d i f f e r e n t  degrees  and k in d s  of  s u s c e p t i b i l i t y " .
We co n s id e r  below how s u s c e p t i b i l i t y  may be r e p r e s e n t e d  w i t h i n
the  framework of  our  model.  One f e a t u r e  which i s  common to  a l l  th e
approaches  sugges ted  i s  t h a t  the  c o n t a c t ' s  s u s c e p t i b i l i t y  i s  assumed
♦
to  remain c o n s t a n t  th roughout h i s  p e r io d  of  exposure  to  i n f e c t i o n .
I f  t h i s  i s  f e l t  to be u n rea s o n ab le ,  v a r i a t i o n  in  the  s u s c e p t i b i l i t y  
may be accommodated in  the  shape of the  d i s t r i b u t i o n  of  r e s i s t a n c e  t ime  T.
3 . 4 . 1 .  Constant  s u s c e p t i b i l i t y .
We may assume that for all individuals,
P = PQ
f o r  0 ^ Pq ^ 1 .
The s u g g e s t io n  t h a t  a l l  c o n t a c t s  should  be e q u a l l y  s u s c e p t i b l e  
to  d i s e a s e  i s  q u i t e  obv ious ly  no t  r e a l i s t i c .  However, t h i s  type 
of  assumption  was used in  the  f i r s t  ch a in -b in o m ia l  models (see  B a i ley  
(1975) ,  Chapter  14).  For a more d e t a i l e d  d i s c u s s i o n  of  th e  s i m i l a r i t i e s  
and d i s s i m i l a r i t i e s  between our model and e x i s t i n g  models f o r  i n f e c t i o u s  
d i s e a s e s ,  the r e a d e r  i s  r e f e r r e d  to  Chapter  6 .
3 . 4 . 2 .  The b e t a  d i s t r i b u t i o n .
We may assume t h a t  p v a r i e s  between c o n t a c t s  a cc o rd ing  to  
the  b e t a  d i s t r i b u t i o n  w i th  d e n s i t y
f ( p )  = p,J" , ( l ' p)V" 1 o s p s 1 -
where p (p ,v )  i s  the b e t a  f u n c t i o n  given  by — ,
/X > 0,  V > 0.
This d i s t r i b u t i o n  f o r  p was i n v e s t i g a t e d  f o r  c h a in -b in o m ia l  
models by Bai ley  (1953b),  where i t  was used to  a l low  v a r i a t i o n  in  
s u s c e p t i b i l i t y  between househo lds :  t h i s  i s  c l e a r l y  e q u i v a l e n t  to 
a l low ing  v a r i a t i o n  between i n d i v i d u a l s  when a t t e n t i o n  i s  r e s t r i c t e d  
to s i n g l e - c o n t a c t  househo lds .
The use of the b e t a  d i s t r i b u t i o n  i s  a l s o  d i s c u s s e d  by G r i f f i t h s  
(1973a) in  models f o r  the inc idence  in  households  of  bo th  i n f e c t i o u s  
and n o n in f e c t io u s  d i s e a s e s .
3 . 4 . 3 .  The l o g i s t i c  fo rm .
The l o g i s t i c  model (Cox (1970),  Chapter  2) i s  f r e q u e n t l y  used 
i n  s t u d i e s  in  which a dichotomous outcome v a r i a b l e  ( e . g .  p re s e n c e  
o r  absence  of  d i s e a s e )  i s  r e l a t e d  to  a number of  independent  v a r i a b l e s .  
T he re fo re  i f  we have r e l e v a n t  c o v a r i a t e s  r eco rd ed  f o r  th e  c o n t a c t s  
in  our d a t a ,  we c l e a r l y  should use t h i s  in fo rm a t io n  in  such a model 
to  e s t i m a t e  t h e i r  s u s c e p t i b i l i t y .
So we may assume t h a t  f o r  the c o n t a c t  in  household  i  we have 
a s u s c e p t i b i l i t y  which may be exp res sed  in  the  form
n
exp ( L' X. . 3 • )
i=l 1J J n -1p.  = ------------n------------  = n + e x p ( -E  X . . G . ) ]
1+exp( E X . .3*) j=1 J
J = 1
where X! = ( X . . ,X .0 , . . . ,X. ) i s  a v e c t o r  of  c o v a r i a t e s  r e c o rd e d  ~ i  11 * i 2 ’ s in
f o r  the c o n t a c t ,  and J31 = ( 3 ^ , > • • • » 3  ) i s  a v e c t o r  of c o e f f i c i e n t s .
We may in c lu d e  in  X^ such f a c t o r s  as  the  c o n t a c t ' s  age and 
sex,  h i s  p rev io u s  v a c c i n a t i o n s ,  the  s t a n d a rd  of  h i s  l i v i n g  c o n d i t i o n s ,  
the s e v e r i t y  of  d i s e a s e  in  the household index ,  e t c .  S ince  3 ^ , . * » > 3 n 
w i l l  be param ete rs  of  our o v e r a l l  model we would wish to  r e s t r i c t  
t h e i r  number r e l a t i v e  to  the sample s i z e .  T h e re fo re  when we use 
t h i s  l o g i s t i c  form f o r  s u s c e p t i b i l i t y  in  l a t e r  c h a p t e r s  we s h a l l  
use sco res  f o r  some of the c o v a r i a t e s  r a t h e r  than  b in a ry  v a r i a b l e s  
r e f l e c t i n g  a l l  c a t e g o r i e s .  This  means t h a t  we s h a l l  be lo ok ing  f o r  
a l i n e a r  e f f e c t ,  a t  most ,  of  the se  c o v a r i a t e s ,  and any f u r t h e r ' v a r i a t i o n  
w i l l  be a t t r i b u t e d  to  " e r r o r "  (see §4 . 4 . 2 ) .
3.5 : THE EFFECT OF TREATMENT ON SUSCEPTIBILITY.
During the development of  the  g e n e ra l  model (see  § 2 .1 .4 )  we
assumed t h a t  when p r e v e n t i v e  t re a tm e n t  i s  g iven  to an i n d i v i d u a l  h i s
s u s c e p t i b i l i t y  i s  modif ied  from p to  q. I f  such a t r e a tm e n t  i s  
e f f e c t i v e  in p r e v e n t in g  i n f e c t i o n ,  one would expec t
0 S q < p is 1
f o r  a l l  c o n t a c t s .  We now c o n s id e r  some ways of r e l a t i n g  p and 
q m a th em a t ic a l ly .
3 . 5 . 1 .  Constant  d i f f e r e n c e  between p and q .
We may assume a r e l a t i o n s h i p  of  the form
q = p -  c ,
f o r  c o n s ta n t  c (c > 0 i f  the t r e a tm e n t  i s  e f f e c t i v e ) .
This  approach has one obvious  drawback: i f  a c o n t a c t  has  v e ry
1 ow i n i t i a l  s u s c e p t i b i l i t y ,  so t h a t  p < c ,  th en  q (f [ 0 , 1 ] .  Thus
in  o rde r  to  use t h i s  approach,  we r e q u i r e  p t  c.
3 . 5 . 2 .  p and q in  c o n s t a n t  r a t i o
A more u s e f u l  r e l a t i o n s h i p  may be
q = ap
f o r  some 0 < a < 1/p .
Then g e n e r a l l y  we would hope t o  o b t a i n  e s t i m a t e s  o f  a in
the  range 0 £ a 5 1 , and would expec t  a «  1 f o r  a r e c o g n i s e d
e f f e c t i v e  t r e a t m e n t .  The case  a = 0 i n d i c a t e s  a t r e a tm e n t  which 
ach ieves  complete immunity f o r  a l l  i n d i v i d u a l s .
3 . 5 . 3 .  Treatment as a time-dependent:  c o v a r i a t e .
I f  we a l r e a d y  have c o v a r i a t e s  r eco rded  f o r  the  c o n t a c t s ,  then  
i t  may be conven ien t  to  in c lu d e  the p r e v e n t i v e  t r e a tm e n t  as a b i n a r y  
t ime-dependent  c o v a r i a t e  in  the l o g i s t i c  form f o r  p^ proposed  in  
§ 3 .4 .3 .  This  i s  s i m i l a r  to the t ime-dependen t  even t  c o n s id e re d  by 
Lagakos (1976),
Assuming t h a t  we a l r e a d y  have n c o v a r i a t e s  reco rded  f o r  each 
c o n t a c t ,  we propose a f u r t h e r  b in a ry  v a r i a b l e  X ^ ( t )  d e f in e d  by
x„ +i ( t )  ■
0 i f  c o n t a c t  s t i l l  u n t r e a t e d  a t  t ime t ,
1 i f  c o n t a c t  t r e a t e d  by time t ,
where the  time o r i g i n  i s  t^  as  d e f in e d  in § 2 . 1 .1 .  Hence f o r  a
c o n t a c t  in household i  with  p r e v e n t i v e  t r e a tm e n t  reco rded  a t  t ime
u . we have l
X. , ( t )  • i , n +1
0 t  < u •, i*
So the  s u s c e p t i b i l i t y  i s  exp res sed  g e n e r a l l y  as
n - 1
[ 1+exp ( -  E X. . 3 . “X. J.1 ( t ) 3  L1)]
1 . j i j  j  i , n +1 *n+1 J
and we have
n  - 1  pj  ^ = [ 1+exp( -  £ Xi -3 . ) ]  
j = l J J
q. -  [ i + e x p c - ^ x . - e . - e ^ ) ] - 1.
Now i f  the t r ea tm e n t  i s  e f f e c t i v e ,  we expec t  to have
[1+exp(-  E X . . p . ) ]
<=>  ^     < 1
[ 1+exp( -  E Xi .p .-B  J ]
j = 1
 ^ v i  ^ n+1<=> 1 < e
<=> 6n+ 1 < °-
i . e .  when the pa ram ete rs  of  the  model a re  e s t i m a t e d ,  an e f f e c t i v e  
t r e a tm e n t  should be i n d i c a t e d  by a n e g a t i v e  e s t i m a t e  of  3n + ^ • (Note 
t h a t  t h i s  r e s u l t  a l s o  im p l ie s  t h a t  and q_^  a r e  b o th  i n c r e a s i n g
f u n c t i o n s  of  3j  ( 1^ j^ n + 1) when the c o v a r i a t e s  a r e  a l l  n o n - n e g a t iv e )
I t  sh o u ld 'b e  noted  t h a t  t h i s  approach i s  n o t  e q u i v a l e n t  to  
t h a t  cons ide re d  in  §3 .5 .2  s in c e  the va lue  of  r a t i o  q / p d e p e n d s  
on the  va lue  of  p^,  and i s  thus  no t  c o n s t a n t  over a l l  c o n t a c t s .
To i l l u s t r a t e ,  suppose 8n + | = “ 2, then
n
p.  = 0 .5  => e x p ( -  E X . . 3 . )  = 11 , , i i  l
J = 1 J J
=> q. = ( l + l x e 2 ) " 1 = 0.119 and q . / p .  = 0 .238
The r a t i o  maY be c a l c u l a t e d  f o r  a range of  v a lu e s  of
p. : v a lues  of  the  r a t i o  a re  given in  Table 3.1 f o r  3 = -1 andl  n+ 1
n+1 = - 2 .
p i 0.1 0 . 2 0.3 0 .4 0 .5 0 . 6 0 .7 0 . 8 0 .9
'‘i / V W 1
qi / pi : 6n+1=~2
0.393
0.148
0.421 
0.164
0.454 
0.183 .
0.492
0.207
0.538
0.238
0.593
0.281
0.660
0.343
0.744
0.439
0.853
0 .610
TABLE 3.1 : r a t i o  q 1/ p i  f o r  P j  ^ s  0.1 (0.  1 ) 0 .9 .
From the t a b l e  we can see t h a t  f o r  bo th  va lu e s  of  8 . ,n+1 *
q ^ /P i  in c r e a s e s  as i n c r e a s e s ;  hence l a r g e  s u s c e p t i b i l i t i e s
a re  reduced by t r e a tm e n t  p r o p o r t i o n a l l y  l e s s  t h a n ■_s m a l le r  ones .  A lso ,  
as  expec ted ,  a l a r g e r  va lue  of  in  the n e g a t iv e  sense  i n d i c a t e s
a more e f f e c t i v e  t r e a t m e n t .
I t  i s  u n c l e a r  which of  the  two approaches  g ives  the  more r e a l i s t i c  
r e p r e s e n t a t i o n  of  the  t r u e  e f f e c t s  of  p r e v e n t i v e  t r e a t m e n t ,  s i n c e  
no r e f e r e n c e s  to  r e s e a r c h  in  t h i s  a r e a  have been found.  I t  i s  p o s s i b l y  
e a s i e r  to i n t e r p r e t  r e s u l t s  from the  c o n s t a n t  r a t i o  method,  ' s ince  
an e s t i m a t e  of  a t o g e t h e r  w i th  i t s  s t a n d a rd  e r r o r  have more immediate 
meaning than  those f o r  $n+-j • in  the  n ex t  c h a p t e r  we s h a l l  compare 
r e s u l t s  u s ing  bo th  r e l a t i o n s  f o r  an ex t rem ely  simple form of the  
ge n e ra l  model a p p l i e d  to  whooping cough d a t a ,
3.6  : CONCLUDING REMARKS.
In t h i s  c h a p te r  we have sugges ted  v a r i o u s  ways in  which s u s c e p t i b i l i t y ,  
e f f e c t  of  p r e v e n t iv e  t r e a tm e n t  and d i s t r i b u t i o n s  of  t ime p e r i o d s  
may be r e p r e s e n t e d  in  our model.  In  the  fo l l o w in g  c h a p t e r s  we s h a l l
/
i n v e s t i g a t e  some combinat ions  of  th e se  p o s s i b l e  r e p r e s e n t a t i o n s  when 
a p p l i e d  to  the  whooping cough d a t a  d e s c r ib e d  f u l l y  in  Appendix A.
Although we have been concerned only  w i th  the  e f f e c t  of  a s i n g l e  
p r e v e n t iv e  t r e a tm e n t  dur ing  §3 .5 ,  the  model may e a s i l y  be ex tended  
to i n v e s t i g a t e  s e v e r a l  such t r e a tm e n t s  s im u l t a n e o u s l y .  For example,  
the c o n s t a n t  r a t i o  approach may be modif ied  to a l low
q . = a .p  .
i  J i
f o r  t r e a tm e n t  j ad m in i s t e re d  to c o n t a c t  i ,  and s e v e r a l  b i n a r y  
c o v a r i a t e s  may be added to  the  l o g i s t i c  form of p^ in th e  approach  
of  § 3 .5 .3 .
CHAPTER 4 : APPLICATION OF A SIMPLE MODEL TO WHOOPING COUGH DATA
4.1 : DEFINITION OF THE SIMPLE MODEL
We s h a l l  now propose  a very  simple form of  the  g e n e r a l  model 
which may be r e a l i s t i c  f o r  whooping cough.  This  form w i l l  be a p p l i e d  
to  the  whooping cough d a t a  l a t e r  in  the  c h a p t e r  t o g e t h e r  w i th  s u i t a b l e  
d i s t r i b u t i o n s  f o r  T and e x p re s s io n s  f o r  to  produce  pa ram e te r
e s t i m a t e s  and,  h o p e f u l l y ,  meaningful  medica l  i m p l i c a t i o n s .
4 . 1 . 1 .  A s e t  of  a s s u m p t io n s .
The fo l lo w in g  assumpt ions  a re  made th roughou t  t h i s  c h a p t e r :  
Assumptions 4 -, ! ,
( i )  R e l a t i o n  (3a) ho lds  w i th  jj = 0.
0 0 < z < £ ,
( i i )  F2 (z) =
1 z  ^ £ .
( i i i )  v = 00 f o r  a l l  s e c o n d a r i e s .
( iv )  y^ = 00 f o r  a l l  p r i m a r i e s .
(v) F 1( t ) = FT( t )  V t .
(v i )  p.  = [1+exp( -  E X j - 3 - ) ]  1*
j = 1 J J
Cond i t ions  ( i )  and ( i i )  imply t h a t  i n f e c t i o u s n e s s  and symptoms 
beg in  s im u l ta n e o u s ly ,  and t h a t  f o r  a l l  c a s e s  of  d i s e a s e  we have
X = Z = £,
and hence
s -  t  + ».
So X and Z a re  degene ra te  random v a r i a b l e s ,  and s u i t a b l e  
va lu e s  f o r  £ w i l l  be d i s c u s s e d  in  § 4 . 2 . 3 .  In suppor t  of  t h e s e  
assumptions  we quote C h r i s t i e  (1980) who s t a t e s  t h a t  the  l e n g t h  of
the inc uba t ion  p e r io d  of  whooping cough i s  f a i r l y  c o n s t a n t  between 
cases  when o b s e r v a t i o n  i s  a c c u r a t e ,  and t h a t  a c h i l d  i s  u n l i k e l y  
to  be i n f e c t i o u s  b e fo re  h i s  symptoms have developed  bu t  becomes h i g h l y  
i n f e c t i o u s  once the i l l n e s s  i s  r e c o g n i z a b le .
In suppor t  of  ( i i i )  we may quote  Grob e t  a l  (1981) who s t a t e  
t h a t ,  f o r  our p a r t i c u l a r  d a t a ,  "medical  s u r v e i l l a n c e  was m a in ta in ed  
u n t i l  t h e r e  was no f u r t h e r  ev idence  of c l i n i c a l  r e p i r a t o r y  d i s e a s e  
in  the  f a m i ly " .  In a s i m i l a r  type of  model,  Fa rew e l l  (1977) examines 
t h e o r e t i c a l l y  the  e f f e c t  of  having  v^ < <» r a t h e r  than  complete 
fo l lo w -u p ,  or  of  wrongly assuming v^ = °°, on th e  a sy m p to t ic  d i s t r i b u t i o n  
of  the  maximum l i k e l i h o o d  e s t i m a t e s  of  c o e f f i c i e n t s  {3^} in  the  
l o g i s t i c  form of the  s u s c e p t i b i l i t y  proposed  in  §3 .4 .3  and assum pt ion  
4 ( v i ) .  By the  n a t u r e  of  the  d a t a ,  we have assumed t h a t  t h e s e  e f f e c t s  
may be ignored  in  the  p r e s e n t  c a s e .
In ( i v ) , we a re  in  e f f e c t  assuming t h a t  the  shapes of  th e  t a i l s  
of  F ^ ( t )  and F ^ ( t )  w i l l  accommodate the  d e c l i n e  in  i n f e c t i o u s n e s s  
of  the  pr imary a d e q u a te ly .  In §4 .3 .3  we s h a l l  c o n s id e r  b r i e f l y  the  
case
Yj < 00
where y , assumed c o n s t a n t  f o r  a l l  p r i m a r i e s ,  r e q u i r e s  e s t i m a t i o n .
We assume in  (v) t h a t  the r e s i s t a n c e  t ime d i s t r i b u t i o n  i s  no t  
a f f e c t e d  by an i n t e r v e n i n g  p r e v e n t i v e  t r e a tm e n t ,  i n  t h i s  case  the  
a n t i b i o t i c  e ry th rom ycin .  This  c o n d i t i o n  i s  l a r g e l y  imposed by the  
n a t u r e  of the  d a t a , s i n c e  we have few t r e a t e d  c o n t a c t s  f o r  whom i n f e c t i o n  
i s  subsequen t ly  r e c o rd e d ,  thus  l i t t l e  in fo rm a t io n  on which to  p ropose  
a d i f f e r e n t  form f o r  F ^ O ) .  I n c i d e n t a l l y ,  t h i s  same a s p e c t  of  the  
d a t a  may a l s o  imply t h a t  the  t r e a tm e n t  has  been e f f e c t i v e .  This  
seems l i k e l y ,  as  ery th rom ycin  i s  r ec o g n i se d  as an e f f e c t i v e  p r e v e n t i v e  
measure f o r  whooping cough.  C h r i s t i e  (1980),  f o r  example,  recommends
i t s  use to  c o n t r o l  household  spread  of  d i s e a s e ,  e s p e c i a l l y  in  th e  
p resence  of very  young c h i l d r e n .
4 . 1 . 2 .  The form of the  l i k e l i h o o d  c o n t r i b u t i o n s .
The J l . c . ’ s o b ta in e d  f o r  s p e c i a l  case  p = 0 in  § 3 .2 .2  may 
be s i m p l i f i e d  f u r t h e r  by Assumptions 4.  Dependence on the  d i s t r i b u t i o n  
of i s  removed by assumption  4 ( iv )  and we may s im p l i f y  the  e x p r e s s io n s
f u r t h e r  by c o n s id e r i n g  the form of under  4 ( i i ) .
From ( 2 . 1 ) ,  we have
I wj  f  ( t ) f ? ( w - t ) d t , w>0 ,
f 3 (w) =
e l sew here ,
but  s in ce  f 2 ( 0  i s  no t  d e f in e d  we c o n s id e r  an a l t e r n a t i v e  form
f 3 (w) =
w
J f  (w - t )dF? ( t )  w>0 ,
e l sew here ,
whence
fg(w) = f^Cw-Jl), V w. (4 .1 )
So we have ^3 ^  = w < £,
or  w ^ JI i f  i n s t a n t a n e o u s  i n f e c t i o n  i s  exc luded ,
The problem of in s t a n t a n e o u s  i n f e c t i o n  r e c u r s  in  § 4 . 2 .3 ;  f o r  the  
moment, we s h a l l  assume t h a t  such i n f e c t i o n  i s  im p o s s ib l e .
We now c o n s id e r  the i l . c . ' s  f o r  the fo u r  d i f f e r e n t  types  of  
c o n t a c t s  in  t u r n .
For Type I ,  from (3 .5 )  and (4 .1 )  we have
L = p .f  ( s - O . ( 4 .2 )
Thus households  f o r  which we have r eco rded
s < £
a re  e f f e c t i v e l y  excluded from the  d a t a  which may be a n a l y s e d ,  s i n c e  
by our assumpt ions  the  c o n t a c t  must have caught  the  d i s e a s e  from 
an e x t e r n a l  source  ( the  double pr imary  case  c o n s id e re d  in  § 2 . 4 ) .
For Type I I ,  from (3 .6 )  we have
The form (4 .3a )  i s  a p p r o p r i a t e  f o r  a secondary  who caught  the  
d i s e a s e  b e fo re  be ing  t r e a t e d ,  w h i l s t  (4 .3b)  a p p l i e s  f o r  p o s t - t r e a t m e n t  
i n f e c t i o n .  I t  should be no ted  t h a t  the  assumption  of  a c o n s t a n t  
i n c u b a t io n  p e r io d  makes i t  c l e a r  which e x p r e s s io n  i s  a p p r o p r i a t e  
f o r  each t r e a t e d  c o n t a c t ,  removing the  ambiguity  " b u i l t  i n "  to  the  
e x p re s s io n  f o r  f ^ ( 0  o b ta in ed  in  §2 . 2 . 2 .
For Type I I I ,  c l e a r l y  from (3 .7 )  we have
which may be i n t e r p r e t e d  i n t u i t i v e l y  as
1 -  P ( p r e - t r e a t m e n t  i n f e c t i o n )  -  P ( p o s t - t r e a t m e n t  i n f e c t i o n ) .
u s
LI I  = v j  f  1 ( t ) d F 2 ( s - t )  + q^J f  1 ( t ) d F 2 ( s - t )  . 
0 u+
Thus s € (£,£+u] => t  £ (0 ,u ]  and = p ^ f ^ ( s - £ )
whereas s > £+u => = q ^ f ^ ( s - £ ) . (4 .3b )
( 4 . 3a)
LI I I (4 .4 )
For Type IV, from (3 .4a )  we have
OO
LIV ( P f F 1 (u)+qi ( 1- F l ( u ) ) }/  f 5 ( s )d s0
( 4 .5 )
4 . 1 . 3 .  The o v e r a l l  l i k e l i h o o d  and pa ram eter  e s t i m a t i o n .
The i . e .  L. f o r  the  i t h  c o n t a c t  r eco rded  in  the  d a t a  t a k e s  1
one of  the fou r  forms o b ta in e d  in  § 4 .1 .2 .  Var ious  p a r a m e t r i c  forms 
may be assumed f o r  p^ ,  q^ and F ^ ( ' )  and the  o v e r a l l  l o g - l i k e l i h o o d  
f o r  the  d a ta  i s  then
i  = E£nL.l
summed over  a l l  c o n t a c t s .  Maximisat ion of  i  w i th  r e s p e c t  to  the  
param ete r  v e c t o r  was ach ieved  f o r  our a p p l i c a t i o n s  u s in g  a computer  
program based on the  DFP a l g o r i t h m  ( F l e t c h e r  and Powell ,  1963), and 
the  a sym pto t ic  cova r i ance  m a t r ix  of  the  maximum l i k e l i h o o d  e s t i m a t e s  
( m . L e . ' s )  was e s t im a te d  by the  i n v e r s e  of  the sample i n f o r m a t io n  
m a t r ix .  More d e t a i l s  of  the  com puta t iona l  a s p e c t s  may be found in  
Appendix B.
In o rd e r  to compare some of the  f i t t e d  models u s in g  l i k e l i h o o d  
r a t i o  t e s t s ,  we s h a l l  assume a sym pto t ic  n o rm a l i t y  of  the  m . £ . e . ' s .
An a t tem pt  to  check a s e t  of  c o n d i t i o n s  f o r  a sym pto t ic  n o r m a l i t y  
f o r  our independen t ,  bu t  no t  i d e n t i c a l l y  d i s t r i b u t e d ,  o b s e r v a t i o n s  
i s  made in  Appendix D.
4.2 : THE WHOOPING'COUGH DATA-AND. SOME PRELIMINARY INVESTIGATIONS
4 . 2 . 1 .  The d a t a  s e t .
The i n i t i a l  sample con ta in ed  in fo rm a t io n  on 343 index  c a s e s  
and t h e i r  s i b l i n g s .  ( D e t a i l s  of  the v a r i a b l e s  r eco rded  f o r  each 
in d e x -c o n ta c t  p a i r  may be found in  Appendix A ) . However some r e d u c t i o n  
was r e q u i r e d  b e fo re  a n a l y s i s :
(a) Only s i n g l e - c o n t a c t  households  were to  be in c lu d e d .
(b) Records f o r  c o n t a c t s  who were a l r e a d y  immune fo l lo w in g  p r e v io u s  
whooping cough a t t a c k s  were excluded : Krugman and Katz (K&K,1981)
r e p o r t  t h a t  such a t t a c k s  con fe r  p r o t e c t i o n  a g a i n s t  subsequen t  
i l l n e s s .
(c) A few a d u l t  c o n t a c t s . were r eco rded  ; s in c e  th e se  were presumably 
inc luded  only on account  of  t h e i r  subsequen t  i n f e c t i o n  they  may 
have in t ro d u ced  b i a s  i n t o  the  r e s u l t s  and hence were exc luded .
NOTE: Condit ion  (a)  was r e l a x e d  a l i t t l e  f o r  some of the  p r e l i m i n a r y
work d e s c r ib e d  in  §4 .2 .2  and § 4 . 2 .3 .  In §4.6 we d i s c u s s  whether  
such an e x t e n s i o n  of  the d a t a  su b se t  may be w ar ran ted  o r  d e s i r a b l e  
more g e n e r a l l y .
The f i n a l  sample comprised 277 s i n g l e - c o n t a c t  ho u s eh o ld s .  In 
67 households  the  c o n t a c t  was given the  a n t i b i o t i c  e ry th rom yc in  as 
a p r e v e n t iv e  measure,  and the t r e a tm e n t  t imes {u^} v a r i e d  from 
2 days to 76 days ,  a l though  most of  the  v a lu e s  were l e s s  than  26 
days .  The h i g h e s t  c o n c e n t r a t i o n s  of  v a lu e s  were between 4 and 7 
days and between 12 and 17 days .
In 99 househo lds ,  the c o n t a c t  e v e n t u a l l y  became i n f e c t e d .  The 
inter -symptoms t imes {s^} a r e  i l l u s t r a t e d  in  F igu re  4 . 1 ,  a l th o u g h  
f o r  convenience t h r e e  o u t l y i n g  t imes (42,  47 and 58 days)  a re  o m i t t e d  
from the graph .  I t  i s  i n t e r e s t i n g  to  no te  the  excess  o f  o b s e r v a t i o n s  
f o r  7 days and,  to a l e s s e r  e x t e n t ,  f o r  28 days ,  p o s s i b l y  owing to  
an unconscious  b i a s  towards "one week" o r  "one month" d u r in g  the  
da ta  c o l l e c t i o n .  This  s i t u a t i o n  i s  no t  uncommon, and may a l s o  be 
observed bo th  in  Hope Simpson's  d a t a  on measles  in  househo lds  of  
two (see Ba i ley  (1975),  p . 274), and in  meas les  d a t a  c o l l e c t e d  by 
Chapin (1925) and used by Gough (1977).  We may a l s o  s u s p e c t  a compensa ting  
d e a r t h  of va lues  f o r  6 days,  and t h i s  i r r e g u l a r i t y  w i l l  be seen to  
p r e s e n t  problems f o r  model f i t t i n g  in t h i s  and l a t e r  c h a p t e r s .
Only 2 of the 67 t r e a t e d  c o n t a c t s  s u b se q u e n t ly  caught  whooping 
cough, thus  j u s t i f y i n g  assumption 4 (v) in  §4 . 1 . 1 .
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F i C j  4 ' Z : D i s lri b u t  i o n  o F  in d e x  i l l n e s s  l e n g l 'K s
4 . 2 .2 .  Choice of  c o v a r i a t e s  f o r  l o g i s t i c  form of s u s c e p t i b i l i t y .
In  the  d a t a  s e t  we have f i v e  v a r i a b l e s  reco rded  f o r  each  household  
which we may wish to c o n s i d e r  as c o v a r i a t e s  in  the  s u s c e p t i b i l i t y
n _i
p.  = [ 1+exp(-  Z X . - 3 - ) ]  !1 . . i l l  !J = 1 J J
of  c o n t a c t  i  (proposed in  §3 .4 .3  and assumption  4 ( v i ) ) .  For the  
i t h  household  th ey  a re
X ^  : the  s o c i a l  s t a t u s  of the  fa m i ly ,  sco red  1 to  7 on th e  u s u a l  
socio-economic  s c a l e ,
X ^  : l e n g th  of  i l l n e s s  ( i n  days)  of  the  f am i ly  index ,
X ^  : maximum d a i l y  number of  coughing spasms of  the  f a m i ly  index ,
X ^  : age ( in  y e a r s )  of  the  c o n t a c t ,
X^5 : v a c c i n a t i o n  s t a t u s  of  the  c o n t a c t ;  sco red  as 0 i f  u n v a c c in a t e d ,
1 i f  p a r t i a l l y  v a c c i n a t e d ,  2 i f  f u l l y  v a c c i n a t e d ,  3 i f  f u l l y  
v a c c in a t e d  w i th  a b o o s t e r .
I t  i s  hoped t h a t  X ^  may i n d i c a t e  n u t r i t i o n a l  and g e n e r a l  
s t a n d a rd s  in  the  home. X ^  and a r e  in ten d ed  to r e f l e c t  the
s e v e r i t y  of  d i s e a s e  in  the  index ,  and were used  as i n d i c a t o r s  in  
Grob e t  a l  (1981).  The d i s t r i b u t i o n  of ^o r  t *ie ^ 7  index
cases  i s  i l l u s t r a t e d  in  F igu re  4 . 2 .  X ^  may be im por tan t  in  d e t e r m in i n g  
r e s i s t a n c e  to  i n f e c t i o n :  K & K (1981) s t a t e  t h a t  whooping cough
has a p r e d i l e c t i o n  f o r  i n f a n t s  and young c h i l d r e n  and t h a t  l i t t l e  
or  no immunity i s  t r a n s f e r r e d  from the  mother to  the  newborn i n f a n t .  
C l e a r ly ,  we would hope t h a t  the  c o n t a c t ' s  v a c c i n a t i o n  s t a t u s ,  ^£ 5 > 
would a l s o  a f f e c t  h i s  r e s i s t a n c e .
Medical t e x t s  ( e . g .  K & K (1981))  a l s o  r e p o r t  an i n t e r e s t i n g  
d i s t r i b u t i o n  of  whooping cough acco rd ing  to  sex .  In c o n t r a s t  to  
o t h e r  common i n f e c t i o u s  d i s e a s e s  of ch i ld h o o d ,  m o r b i d i ty  and m o r t a l i t y
a re  h ig h e r  f o r  females  than f o r  males .  U n fo r tu n a t e ly ,  i n fo rm a t io n  
on the  sex of  c o n t a c t s  was no t  a v a i l a b l e .
However, the  proposed c o v a r i a t e s  may n o t  be independen t ,  making
t h e  e s t i m a t e s  o f  t h e  c o e f f i c i e n t s  [ p . ]  d i f f i c u l t  t o  i n t e r p r e t .
J
I t  i s  no t  un reasonab le  t h a t  some r e l a t i o n  may l i n k  X.^ and X ^
(a l though  the  n a t u r e  of  the  r e l a t i o n  i s  u n c l e a r ) ,  o r  t h a t  X ^  and 
Xis may be r e l a t e d .
Some of the  c o v a r i a t e s  proposed  above may w e l l  have l i t t l e
e f f e c t  on c o n t a c t  s u s c e p t i b i l i t y .  S ince we wish to  r e s t r i c t  the
number of  param ete rs  of  the  model,  some p r e l i m i n a r y  i n v e s t i g a t i o n s
were performed to f i n d  a " b e s t "  s u b s e t .  These i n v e s t i g a t i o n s  in v o lv ed
f i t t i n g  to  the  whooping cpugh d a t a  the  model w i th  a Weibull  r e s i s t a n c e
5time d i s t r i b u t i o n ,  c o n s t a n t  r a t i o  form f o r  q.  and the  2 d i f f e r e n t1
combinations of  c o v a r i a t e s  in  p^.  (More d e t a i l s  of  such f i t t i n g  
a re  found in  l a t e r  s e c t i o n s ) .
The " f u l l "  f i t  i n c lu d e s  a l l  f i v e  c o v a r i a t e s ,  thus  s i x  c o e f f i c i e n t s  
3q , , . • . , $ 5  r e q u i r e  e s t i m a t i o n  (3q be ing  the  c o n s t a n t  t e rm ) .  In
A A A
t h i s  f i t ,  the  e s t i m a t e s  3 1» 3 and $. were n o t  l a r g e  r e l a t i v eI J H
to  t h e i r  s t a n d a rd  e r r o r s  (a l though  t h e i r  s ig n s  were i n t u i t i v e l y  r e a s o n a b l e ,
p^ be ing  an i n c r e a s i n g  f u n c t i o n  of  each 3 j  ) , b u t  the  e s t i m a t e d
asympto t ic  co v a r i a n c e  m a t r ix  showed c o n s i d e r a b l e  c o r r e l a t i o n  between
some paramete r  e s t i m a t e s .  F i t t i n g  the  model w i th  the  d i f f e r e n t  com bina t ions
of c o v a r i a t e s  produced a f i t ,  i n c lu d in g  only  X ^  and X ^ ,  which
was almost  as  good as the  f u l l  model; the  d i f f e r e n c e  in  maximised
. 2l o g - l i k e l i h o o d s  was only 1.74,  producing  a v a lu e  of  3.48  in
the l i k e l i h o o d  r a t i o  t e s t .  Also,  the pa ram e te r  e s t i m a t e s  in  t h i s  
reduced model were ve ry  c l o s e  to the  co r re sp o n d in g  v a l u e s  in  the  
f u l l  model, and were v i r t u a l l y  u n c o r r e l a t e d .  Thus in  f i t t i n g  models  
to  the  whooping cough d a ta  i n  l a t e r  work we in c lu d e  only  c o n t a c t
v a c c i n a t i o n  s t a t u s  and index i l l n e s s  l e n g th  as c o v a r i a t e s  in  the  
s u s c e p t i b i l i t y .
The above r e s u l t s  would appear  to  be c o r r o b o r a t e d  by Grob e t  
a l  (1981) who found t h a t  s o c i a l  c l a s s ,  c o n t a c t  age and the  f requency  
of  coughing spasms had l i t t l e  e f f e c t  on the  s e v e r i t y  and d i s s e m i n a t i o n  
of  whooping cough.
4 . 2 . 3 .  The l e n g th  of  the  in c u b a t io n  p e r i o d .
By assumptions  4 ( i )  and 4 ( i i )  we have
X = Z = JI
and the d e n s i t y  of  T^ + f o r  an u n t r e a t e d  c o n t a c t  i s  g iven  by 
(4 .1 )
i . e .  f 3 ^w) = f'-jCw-Jl), Vw.
Thus to  produce the  d i s t r i b u t i o n  of  T£ + Z^ from t h a t  of
T2 f o r  an u n t r e a t e d  c o n t a c t ,  we e f f e c t i v e l y  in t r o d u c e  a t h r e s h o l d  
paramete r  £ > 0 , the  l e n g th  of the  i n c u b a t io n  p e r io d  Z2 , i n t o  
the  r e s i s t a n c e  time d i s t r i b u t i o n  F^(*)»
Attempts to  e s t i m a t e  £ as a parameter  o f  th e  model were a b o r t i v e .  
F i r s t l y ,  s in c e  £ i s  a t h r e s h o l d  pa ra m e te r ,  the  l i k e l i h o o d  f u n c t i o n  
may no t  g e n e r a l l y  p o sse ss  the  r e q u i r e d  r e g u l a r i t y  to  p e rm i t  th e  use  
of s tan d a rd  asym pto t ic  l i k e l i h o o d  r e s u l t s  f o r  the  e s t i m a t i o n  of  £.
(The maximum p roduc t  of  spac ings  (MPS) e s t i m a t i o n  p ro ced u re  proposed  
by Cheng and Amin (1983) may prove u s e f u l  i f  £ i s  to be e s t i m a t e d ) .
Secondly,  app ly ing  the model f o r  s e v e r a l  v a l u e s  of  £ and maximis ing
the  log l i k e l i h o o d  in  each case  y i e l d s  l i t t l e  i n f o r m a t io n ,  s in c e  
households  having s^ 5 £ must be excluded  from the  sample.  Hence 
the  maximised log  l i k e l i h o o d s  a re  based  on d i f f e r e n t  numbers of  o b s e r v a t i o n s  
and a r e  d i f f i c u l t  to  compare.
The problem of t h r e s h o l d  p a ram ete rs  i s  common in f a i l u r e  t ime 
m ode l l ing .  However, as  K a l b f l e i s c h  and P r e n t i c e  (1980) o b s e rv e ,  
i t  i s  r a r e  t h a t  such a pa ram ete r  would be known to  e x i s t  w i th o u t  
i t s  va lu e  be ing  known.
In  f a c t  medical  t e x t s  ( e . g .  C h r i s t i e  (1980),  K & K (1981) ,
Top and Wehrle (1976))  tend  to  ag ree  t h a t  th e  i n c u b a t i o n  p e r i o d  f o r  
whooping cough i s  about  7 days ,  and r a r e l y  lo n g e r  than  10 days .  Thus 
we may propose a va lu e  f o r  £ in  the  i n t e r v a l  [ 6 , 7 ] .
However, w h i l s t  the  r e s i s t a n c e  t ime d i s t r i b u t i o n  i t s e l f  i s  
con t inuous ,  we have only  d i s c r e t e  o b s e r v a t i o n s  ( in  days)  o f  the  i n t e r ­
symptoms i n t e r v a l s  {s^} . The assumptions  £ = 6 o r  £ = 7 p r e s e n t  
problems of  whether  or  not  to in c lu d e  o b s e r v a t i o n s  f o r  which s_^  = £ 
i . e .  whether  or  no t  to  a l lo w  i n s t a n t a n e o u s  i n f e c t i o n .  So an i n t e r m e d i a t e  
va lue  appears  more a t t r a c t i v e ,  bu t  the d i s c r e t e  n a t u r e  of  th e  d a t a  
s t i l l  p r e s e n t s  problems f o r  pa ram ete r  e s t i m a t i o n  and th e s e  problems 
a re  to  some e x t e n t  e s c a l a t e d  by the  l a r g e  number of  observed  v a l u e s  
s^ = 7. For i n s t a n c e ,  the  assumption  £ = 6 .2  would imply t h a t  
we have 9 observed r e s i s t a n c e  t imes t^  = 0 . 8 ,  whereas i f  £ = 6 . 8  
t h e se  same o b s e r v a t i o n s  have v a lu e s  t^  = 0 . 2 .  E s t im a te s  of  some 
param ete rs  of the  assumed r e s i s t a n c e  t ime d i s t r i b u t i o n  may be a f f e c t e d  
c o n s id e ra b ly  by d i f f e r e n t  va lu e s  of  £ : i n  p a r t i c u l a r ,  the  e s t i m a t e
of the  shape param ete r  of the  Weibull  d i s t r i b u t i o n  i s  s e n s i t i v e  to  
the  number of  small  va lu e s  observed .
F i n a l l y ,  i t  was dec ided  to use  the  i n t e r v a l  m id -p o in t
£ = 6 .5
to r e p r e s e n t  the  i n c u b a t io n  p e r io d  d u r ing  i n v e s t i g a t i o n  of  th e  s im ple  
model.  This may not  be the op timal s o l u t i o n  to  the problem in  any 
sense ,  but  i t  r e p r e s e n t s  a r e a l i s t i c  compromise.
A b e t t e r  s t r a t e g y  may be to  f i t  th e  model u s in g  a d i s c r e t i s e d  
form of the chosen r e s i s t a n c e  time d i s t r i b u t i o n  : careful ,  g rouping 
could  be used to smooth ou t  any i r r e g u l a r i t i e s  in  the  o b s e r v a t i o n s .
4 .3  : FITTING THE SIMPLE MODEL
In a d d i t i o n  to  assumptions  4,  we impose the  c o n d i t i o n
£ = 6.5
fo r  the models f i t t e d  in  t h i s  s e c t i o n .  A lso ,  f o l l o w in g  the  i n v e s t i g a t i o n s  
of  § 4 .2 .2 ,  we have c o v a r i a t e s  in  the  l o g i s t i c  form of th e  s u s c e p t i b i l i t y :
XiQ = 1 ( c o n s ta n t  t e r m ) ,
&
X ^  : l e n g th  of  i l l n e s s  ( i n  days)  of  the  f a m i ly  index ,
■k
X. 0 : v a c c i n a t i o n  s t a t u s  of  the  c o n t a c t ,  sco red  0 to  3 as d e f in e d  i n  § 4 . 2 . 2 .i2 *
One of the  purposes  of the  m o d e l - f i t t i n g  i s  to  ex p lo re  p o s s i b l e
d i s t r i b u t i o n s  f o r  T; in  p a r t i c u l a r  we s h a l l  seek a pars im on ious
model w i t h i n  the  fam i ly  of g e n e r a l i s e d  gamma d i s t r i b u t i o n s .
We say t h a t  a random v a r i a b l e  has a g e n e r a l i s e d  gamma d i s t r i b u t i o n  
with  param ete rs  (A ,c , k ) ,  h e r e a f t e r  a b b r e v i a t e d  to  GG(A,c ,k) ,  i f  
i t  has p r o b a b i l i t y  d e n s i t y  f u n c t i o n
Ic t ck-1e - ( t / A ) C H k T ..... ~ c k "  • i f  c > ° ’
A
0 i f  t  < 0 ,
f o r  A, c ,  k > 0.
This t h r e e - p a r a m e te r  model was i n t r o d u c e d  by S tacy  (1962) 
and param ete r  e s t i m a t i o n  f o r  the  d i s t r i b u t i o n  i s  d i s c u s s e d  in  Johnson 
and Kotz (1970,  Chapter  17). S p ec ia l  c a se s  of  th e  g e n e r a l i s e d  gamma 
d i s t r i b u t i o n  inc lude  the gamma d i s t r i b u t i o n  (c = 1); the  Weibu ll
d i s t r i b u t i o n  (k = 1);  and the NED(c=k=1). The log-norm al  i s  a l s o  
a l i m i t i n g  s p e c i a l  case as lc ->
Model f i t t i n g  wi th  the  g e n e r a l i s e d  gamma and tw o-param ete r  
gamma d i s t r i b u t i o n s  i s  d e s c r ib e d  in  § 4 . 3 .2 .  We c o n s i d e r  f i r s t  the 
c o m p u ta t io n a l ly  more conven ien t  Weibull  and NED r e s i s t a n c e  t ime d i s t r i b u t i o n s ,  
and compare a l s o  the  c o n s t a n t  r a t i o  and t ime-dependen t  c o v a r i a t e  
approaches to  t r e a t m e n t .
4 . 3 . 1 .  The Weibull  and NED r e s i s t a n c e  t ime d i s t r i b u t i o n s .
Both models f i t t e d  below assume t h a t  has  a Weibull  d i s t r i b u t i o n
i . e .  1‘2 'v GG(A,c, 1) .
Model A a l s o  assumes
q . .  = a p . f o r  0 ^ a ^ 1xYl 1
f o r  a l l  c o n tac t s  i ,  whereas Model B proposes
, 2 * qBi = [1+exp(-  £ X. .
j  = 0
- 1
i . e .  Model A assumes the  c o n s t a n t  r a t i o  approach  to  t r e a t m e n t  w h i l s t
Model B in t ro d u c e s  a b in a ry  v a r i a b l e  X^( t)  to  r e p r e s e n t  t r e a t m e n t  
in  the  l o g i s t i c  form f o r  p^.
So from §4 .1 .2  the  l i k e l i h o o d  c o n t r i b u t i o n s  f o r  Model A a r e
given by
Lt = [1+exp(-  £ X . . $ . ) ]  
I • n iJ J
i f  0 < t ^ u
LI I
a [ 1+exp( -  £ X . .3 -)]
j=o 1J J
i f  t  > u
2 * -1 
L t t t  =  1 ■ [ 1 + e x p ( -  £  X . 6  ) ]
j  =0 J
c 2 c
L = 1 -  [ 1+exp( -  Z x;‘ . g . ) ] " 1[ 1 - e _ ( u A )  ] - a [ 1 + e x p ( -  Z X*.|3.) ] " 1e " (u/X) 
iv  j  =0 j=o
where t  = s-Z in  L^ . and L-q*
For Model B we have L^., Lj -j-j  as  above and
L i f  0 < t  ^ u
2 * c - 1  - ( t / £ ) c
[ 1+exp( -  Z X . . g . - B _ ) ]  — i -------------  i f  t  > u
j - 0  1J J 3 xc
c 2 c
L = 1 -  [ 1+exp( -  Z X ? . g . ) ] " l [ 1 - e _ (u /X ') ] - [ 1 + e x p ( -  Z X* g . - g  
j =0 J J j =0 1J J J
F i r s t  and second d e r i v a t i v e s  of  th e s e  l i k e l i h o o d  c o n t r i b u t i o n s  a r e  
g iven  in  Appendix C.
. So bo th  models have s i x  p a r a m e te r s .  For Model A we have p a r a m e te r  
v e c t o r
0A = ( 3 q , 3 1 , 3 2 >a >X»c ^
and f o r  Model B
0B = (30 , 3 1 , 3 2 >33 , A , c ) .
I n i t i a l  pa ram ete r  e s t i m a t e s  were r e q u i r e d  f o r  the  i t e r a t i v e  
computer program. S t a r t i n g  v a lu e s  f o r  the  Weibul l  shape and s c a l e  
param ete rs  (c and X r e s p e c t i v e l y )  were found by r e g a r d i n g  the 
observed  r e s i s t a n c e  t imes { t ^ } = {s^-£} as a sample from a GG(A,c,1)  
d i s t r i b u t i o n  and f i n d i n g  the  m . £ . e . ' s  of  the  pa ram e te rs  based  on 
t h i s  sample (see Johnson and Kotz,  1970, p . 255) .  Also ,  s i n c e  e ry th ro m y c in  
i s  a recogn ised  e f f e c t i v e  t r e a tm e n t ,  we would guess t h a t  a << 1 .
However, a l though  r e a s o n a b le  s igns  f o r  most of  the  ^3j} were c l e a r
(3^>0 , 32<0 j 33<0 ) ,  t h e i r  magnitude was d i f f i c u l t  to p r e d i c t .
There fo re  s e v e r a l  i n i t i a l  t r i a l  pa ram e te r  v e c t o r s  were adopted  
f o r  b o th  models .  The i t e r a t i v e  p ro c e s s  proved to  be h a p p i l y  f r e e  
of  snags in  a l l  c a s e s ,  and f o r  each model the  same s o l u t i o n  was re a c h e d ,  
i r r e s p e c t i v e  of the  s t a r t i n g  p o i n t .  The r e a d e r  i s  r e f e r r e d  to  Appendix 
B f o r  more d e t a i l s  of  the  convergence  c r i t e r i a  and the  number of 
i t e r a t i v e  s t e p s  r e q u i r e d  th roughou t  the  m o d e l - f i t t i n g .  In Table  4.1 
we show the  m . J i . e . ’ s and t h e i r  s t a n d a rd  e r r o r s  f o r  Model A,; and in  
Table 4 .2  co r respond ing  in fo rm a t io n  f o r  Model.B.  The c o r r e l a t i o n s
A /V
between the  e s t i m a t e s  {3j } and a were very  smal l  f o r  b o th  mode ls :
A A
as expec ted ,  c o r r ( A ,c )  was much l a r g e r ,  a t  0 .2 1 .
From the  two t a b l e s ,  the  s i m i l a r i t y  between the  e s t i m a t e s  of  
the  common pa ram ete rs  i s  c l e a r .
The maximised l o g - l i k e l i h o o d  f o r  Model A was
I ,  = -355 .46  A
and f o r  Model B
£ =-355.1,6.
B
Loosely speak ing ,  v a c c i n a t i o n  of  c o n t a c t s  would appea r  to  be
✓N,
an im por tan t  f a c t o r  in  lower ing  s u s c e p t i b i l i t y ,  s i n c e  ~32 i s  f a i r l y  
l a r g e  compared to  i t s  s t a n d a rd  e r r o r .  Although i n c r e a s i n g  index 
i l l n e s s  l e n g th  would seem to  r a i s e  c o n t a c t  s u s c e p t i b i l i t y ,  th e  e f f e c t  
of  t h i s  c o v a r i a t e  i s  p robab ly  no t  as  l a r g e .  However the  a b s o l u t e
A A
va lues  of 3  ^ and 3^ a re  c l e a r l y  no t  d i r e c t l y  comparable s in c e  
the ranges  of va lu e s  of the  c o r re spond ing  c o v a r i a t e s  a r e  markedly  
d i f f e r e n t .  This a s p e c t  w i l l  be i n v e s t i g a t e d  more tho rough ly  in  the 
■medical im p l i c a t i o n s  of  §4.5 .
A A
The f i t t e d  t r e a tm e n t  pa ram ete rs  a and 3^ a re  compared 
in  some d e t a i l  in  § 4 .4 .4 .
| Parameter E s t im a te S tandard  e r r o r
( c o n s ta n t  term) -0 .433 0.326
3  ^ ( index i l l n e s s  l e n g th ) 0.0088 0.0047
$ 2  ( c o n ta c t  v a c c i n a t i o n ) -0 .884 0.161
a ( t r e a tm e n t ) 0.113 0.113
X (Weibull  s c a l e ) 11.135 1.365
c (Weibull  shape) 1.067 0 , 100
Table 4 . 1 .  Parameter  e s t i m a t e s  f o r  Model A.
Parameter Es t im ate Standard  e r r o r
6q (c o n s t a n t  term) -0 .447 0.322
6 .j ( index  i l l n e s s  le n g th ) 0.0092 0.0046
62 ( c o n ta c t  v a c c i n a t i o n ) -0 .887 0.161
6  ^ ( t r e a tm e n t ) -2 .779 1.071
X (Weibull  s c a le ) 11.145 1.366
c (Weibull  shape) 1.067 0 . 100
Table 4 .2 .  Parameter  e s t i m a t e s  f o r  Model B.
A
U n fo r tu n a te ly  a i s  w i th i n  one s t a n d a rd  e r r o r  of  i t s  ze ro  lower 
l i m i t .  We know however,  t h a t  f o r  our d a t a  s e t  the  t r u e  va lu e  of  
a cannot  be z e ro ,  s in c e  we have t r e a t e d  c o n t a c t s  who s u b se q u e n t ly  
became i n f e c t e d .  Since  ^ i -00,00). Model B ' s  approach to  t r e a t m e n t  
would appea r  to be more co n v e n ie n t ,  and the t im e-dependen t  c o v a r i a t e  
form q  ^ w i l l  be used in  f i t t i n g  most of  the  models h e r e a f t e r .
The e s t i m a t e s  of  Weibull  shape para. 'meter  c a r e  n o t  markedly  
d i f f e r e n t  from 1, i n d i c a t i n g  t h a t  the  one -pa ram e te r  NED may be 
as s a t i s f a c t o r y  f o r  T^ as the  two-param eter  Weibull  d i s t r i b u t i o n .
Both models were f i t t e d  w i th  th e  c o n s t r a i n t  c = 1 s in c e  the  NED
i s  e q u i v a l e n t  to  GG(A,1,1) .  The maximised l o g - l i l c e l i h o o d s  were
2-355 .78  f o r  Model A and -355 .40  f o r  Model B, p roduc ing  x-j v a lu e s  
of  0.64  and 0.48  r e s p e c t i v e l y  in  th e  l i k e l i h o o d  r a t i o  t e s t s .  The 
f i t  i s  t h e r e f o r e  no t  s i g n i f i c a n t l y  worse .
Since the  r e l a t i v e l y  l a r g e  numbers of  observed  v a lu e s  -  0 .5  
may have had c o n s i d e r a b l e  i n f l u e n c e  on t h i s  r e s u l t ,  t h e  models were 
a l s o  f i t t e d  w i th  the  assumptions
£ = 4 .5
and £ = 5 .5 .
These assumptions  a r e  by no means u n re a s o n a b le ,  s i n c e  Mcinnes
(1975) r e p o r t s  in c u b a t io n  p e r io d s  o c c a s i o n a l l y  as s h o r t  as  5 days .
The r e s u l t i n g  e s t i m a t e s  of  c were 1.22 and 1.24 r e s p e c t i v e l y  and
in  bo th  cases  the  Weibull  f i t  was s i g n i f i c a n t l y  b e t t e r  than  the
2correspond ing  NED f i t  (x^ = 4.58  and 5.04  r e s p e c t i v e l y ) .  Thus i t  
i s  p robab ly  g e n e r a l l y  worth r e t a i n i n g  the  Weibul l  d i s t r i b u t i o n ' f o r  
T£ : i t  would be i n t e r e s t i n g  a l s o  to  compare the  f i t  and e s t i m a t e s
f o r  a d i s c r e t i s e d  Weibull  d i s t r i b u t i o n ,  as  proposed  in § 4 . 2 .3 .
4 . 3 . 2 .  The Gamma and GG(A,c,k) r e s i s t a n c e  t ime d i s t r i b u t i o n s .
The model was f i t t e d  assuming q^ = ap^ and
T2 ^  GGU,1 ,k)
i . e .  a two pa ram ete r  gamma d i s t r i b u t i o n  f o r  r e s i s t a n c e  t ime .
A A
The e s t i m a t e s  (3 j } and a were p r a c t i c a l l y  i d e n t i c a l  to those  
f o r  Model A, the shape of  the  r e s u l t i n g  gamma d i s t r i b u t i o n  was a l s o  
ve ry  much the same as the  Weibull  d i s t r i b u t i o n  p r e v i o u s l y  o b t a i n e d ,  
and the  maximised l i k e l i h o o d  v a lues  d i f f e r e d  only  by 0 .1 2 .  However, 
maxim isa t ion  with  the  gamma d i s t r i b u t i o n  proved to  be a much l e n g t h i e r  
p rocess  than the p r e v io u s  f i t s ,  the  r e q u i r e d  £ . c . * s  and t h e i r  d e r i v a t i v e s
r e q u i r i n g  the c a l c u l a t i o n  of  gamma and incomple te  gamma f u n c t i o n s
and t h e i r  d e r i v a t i v e s .  The gamma f u n c t i o n  was c a l c u l a t e d  u s in g  an
approx im ation  (Abramowitz and Stegun (1972),  6 . 1 .3 6 )  which has  maximum
a b s o lu t e  e r r o r  3x10 The r e c u r s i v e  a l g o r i t h m  of  Lau (1980) was
used to  c a l c u l a t e  the incomple te  gamma f u n c t i o n ,  w i th  a u s e r - s p e c i f i e d  
- 1 2accuracy  of 10 . The digamma and trigamma a lg o r i th m s  (Bernardo
(1976) ,  Schneider (1978))  were b o th  based  on r e l a t i o n s  found in  Abramowitz
and Stegun (1972,  p p . 258-260),  the  r e l a t i v e  e r r o r s  due t o  s e r i e s
“"10 “8t r u n c a t i o n  be ing  l e s s  than  10 and 10 r e s p e c t i v e l y .  T h e re fo re  
we may conclude t h a t  the Weibull  d i s t r i b u t i o n ,  be ing  c o m p u ta t i o n a l l y  
more con v en ien t ,  i s  the b e t t e r  cho ice  of  two-paramete r  r e s i s t a n c e  
t ime d i s t r i b u t i o n .  I t  may a l s o  be rega rded  as be ing  more f l e x i b l e ,  
as  bo th  p o s i t i v e  and n e g a t iv e  skew d i s t r i b u t i o n s  can be produced 
by v a ry ing  the  shape pa ram e te r .  As an extreme va lue  d i s t r i b u t i o n  
(see  Galambos, 1978),  we may r e g a rd  i t  as  th e  d i s t r i b u t i o n  of  the  
time to  " f a i l u r e "  of  the weakes t  l i n k  i n  the  b o d y ' s  d e f e n c e s .
An a t tem p t  was a l s o  made to f i t  the  model assuming = ap^ 
and '
T2 n, GG(A,c,k)
i . e .  a th r e e -p a ra in e te r  g e n e r a l i s e d  gamma r e s i s t a n c e  time d i s t r i b u t i o n .
S t a r t i n g  v a lu e s  fo r  (A ,c ,k )  were found in  two ways:
( i )  I f  the  Weibull  d i s t r i b u t i o n  i s  a r e a s o n a b l e  f i t  f o r  th e  
{ t^ } ,  then from Model A, a s u i t a b l e  s t a r t i n g  p o i n t  may be ( 1 1 . 1 4 , 1 . 0 7 , 1 ) .
( i i )  The observed t imes = may be r eg a rd ed  as
a sample from a GG(A,c,lc) d i s t r i b u t i o n .  The log  l i k e l i h o o d  was 
maximised f o r  v a r io u s  va lues  of k ,  p roduc ing  (A,c)  f o r  each v a l u e .
This te chn ique  of maximising the l i k e l i h o o d  f u n c t i o n  f o r  s e v e r a l
A
f i x e d  k v a l u e s ,  and then  z e ro ing  in  on the  va lu e  of  lc i s  s u g g e s te d
by Lawless (1980) in  h i s  d i s c u s s i o n  of  th e  problems commonly a s s o c i a t e d  
w i th  i n f e r e n c e  p rocedu res  f o r  the  g e n e r a l i s e d  gamma d i s t r i b u t i o n .
However, p l o t t i n g  the  maximised l i k e l i h o o d  a g a i n s t  k (k ran g in g  
from 0 .4  to 16.0)  produced no c l e a r  s t a r t i n g  v a l u e ,  s in c e  the  l i k e l i h o o d  
was r a t h e r  f l a t .  Th is  sugges ted  t h a t  th e  d a t a  co n ta in e d  no in f o r m a t i o n  
about  t h i s  t h i r d  p a ram e te r ,  a l th o u g h  r e p a r a m e t e r i s a t i o n  ( see  Lav/less,
1980) might  have improved m a t t e r s .
The i t e r a t i v e  p ro ces s  was thus  s t a r t e d  a t  s e v e r a l  t r i a l  v a l u e s
A A
f o r  (A ,c , k ) .  Whi ls t  the  e s t i m a t e s  (3 j ) and a remained c l o s e  
to  the  m . J l . e . ' s  o b ta in e d  f o r  Model A, the  t h r e e  g e n e r a l i s e d  gamma 
param ete rs  showed c o n s id e r a b l e  i n s t a b i l i t y .  The g r a d i e n t s  of  the  
log l i k e l i h o o d  wi th  r e s p e c t  to  th e s e  pa ram e te r s  were p a r t i c u l a r l y  
d i f f i c u l t  to reduce .  F i n a l l y  s e v e r a l  f i t s  were o b t a in e d ,  a l l  p roduc ing  
maximum log  l i k e l i h o o d s o f  about  -355 .33  (Model A gave -3 5 5 .4 6 ,  so
^  A A A
= 0 . 2 6 ) ,  f o r  w idely  d i f f e r i n g  v a lu e s  of ( A , c , k ) .  In a l l  the  
f i t s ,  th e  c o r r e l a t i o n s  between any two of t h e s e  t h r e e  e s t i m a t e s  exceeded  
0.97 in  a b s o lu t e  v a l u e ,  a l though  c o r r e l a t i o n s  between the  rem a in ing  
e s t i m a t e s  remained low. We thus  conc lude t h a t  the  d a t a  do no t  s u p p o r t  
such a t h r e e - p a r a m e te r  d i s t r i b u t i o n  f o r  T^ .
4 . 3 . 3 .  The Weibull  r e s i s t a n c e  time d i s t r i b u t i o n  w i th  f i n i t e  i n f e c t i o u s  p e r i o d .
In o rd e r  to  i n v e s t i g a t e  how an i n f e c t i o u s  p e r i o d  of  f i n i t e  
l e n g th  might a f f e c t  the  m . L e .  ' s ,  an a t t e m p t  was made to  f i t  Model 
A, bu t  r e p l a c i n g  assumption  4 ( i v )  by
y 1 = y* < 00
f o r  a l l  c o n t a c t s ,  where y* i s  r egarded  as a pa ram ete r  to  be e s t i m a t e d .
Since max{s^} = 58, 
we have (assuming & = 6 .5 )
51.5 ^ y* < <».
The d . f .  of  T  ^ i s  then g iven  by
0 i f  t  ^ 0
F , ( t ) i f  0 < t  < y*
, - e-(y*A>c
i f  t  t  y * .
However, the  i t e r a t i v e  maxim isa t ion  p ro c e s s  was n o t  s u c c e s s f u l :  
the  log l i k e l i h o o d  was maximised p r o g r e s s i v e l y  f u r t h e r  as  y* approached 
i t s  t h e o r e t i c a l  minimum va lue  51.5  from above.  Thus we have the  
same type of  problem as t h a t  d i s c u s s e d  d u r in g  the  c h o ice  of  t h r e s h o l d  
paramete r  £ in  § 4 .2 .3 .  I t  may be p o s s i b l e  g e n e r a l l y  to  use the  
r e c e n t  approach of  Cheng and Amin (1983) to overcome the  problem.
However, i t  i s  d o u b t fu l  whether  t h i s  e x t r a  work would be w or thw hi le  
f o r  our p a r t i c u l a r  d a t a  s e t  : the  log l i k e l i h o o d  was maximised w i th  
the  va lue  of y* f i x e d  a t  5 1 .5 ,  p roduc ing  maximum va lu e  - 3 5 5 .3 6 .
This i s  l i t t l e  d i f f e r e n t  from the  va lue  -355 .46  found f o r  Model A 
when y^ = <». The new approach might  be worth  i n v e s t i g a t i o n  i f  
max{s^-£} were s m a l l e r .
4.4 : THE FIT OF THE MODEL.
The fo l low ing  t e s t s  of f i t  of  the  s u s c e p t i b i l i t y  and r e s i s t a n c e  
time d i s t r i b u t i o n  a r e  per formed f o r  Model B, where t r e a t m e n t  i s  r e g a rd e d  
as a t ime-dependen t  c o v a r i a t e  and T  ^ i s  assumed to have a Weibull  
d i s t r i b u t i o n .  Since the  m . £ . e . ' s  of  the common p a ra m e te r s  of  Models 
A and B a r e  v i r t u a l l y  i d e n t i c a l  (see  Tab les  4.1 and 4 . 2 ) ,  t h e  c o n c l u s i o n s  
a re  v a l i d  f o r  b o th .  In §4 .4 .4  we compare the  two ways of  e x p r e s s i n g  
the  e f f e c t  of t r e a t m e n t .
4 . 4 . 1 .  The f i t  of  the r e s i s t a n c e  time d i s t r i b u t i o n .
We d e f in e  F ^ ( t )  to be the  e m p i r i c a l  d i s t r i b u t i o n  f u n c t i o n  
of  the  { s .}  g iven  by
n
Fn ( t )  "
where I  i s  the  i n d i c a t o r  f u n c t i o n  and n i s  the  number o f  u n t r e a t e ds
c o n t a c t s  who caught  the d i s e a s e ,  i . e .  the  number of  Type I  c o n t a c t s .
We wish to  compare F ( t )  w i th
F3 ( t )  = F ^ t - 6 . 5 )
where F ( • )  i s  the  f i t t e d  Weibu ll  r e s i s t a n c e  t ime d i s t r i b u t i o n  
f u n c t i o n .  I n s p e c t i o n  of  F igu re  4 .3  s u g g es t s  a good f i t :  u s in g  a 
c h i - s q u a re d  t e s t  with  n ine  s u b d i v i s io n s  of  the t ime range  we o b t a i n  
X? = 7.14 .
4 . 4 . 2 .  The l o g i s t i c  form of the  s u s c e p t i b i l i t y .
Before u s in g  the  l o g i s t i c  form f o r  c o n t a c t  s u s c e p t i b i l i t y  we 
should f i r s t  have checked the v a l i d i t y  of such a model by s u i t a b l e  
p l o t s  of the d a t a .  We may rega rd  the  s u s c e p t i b i l i t y  as a f u n c t i o n
ft ft
of each c o v a r i a t e  X^ and (see  §4.3)  in  t u r n ,  and use  g r a p h i c a l
methods to check t h a t  the  l i n e a r  e f f e c t s  sought  ( r e f e r r e d  to  in  § 3 .4 .3 )  
a re  no t  u n re a s o n a b le .
A te chn ique  f o r  g r a p h i c a l l y  checking  such v a l i d i t y  was deve loped  
by Copas (1983),  u n f o r t u n a t e l y  a s h o r t  time a f t e r  the  b u lk  o f  the  
p r e s e n t  modell ing  work had been completed.  However, we use  th e  t e c h n iq u e s  
perhaps b e l a t e d l y ,  to  i n v e s t i g a t e  the e f f e c t s  due to the c o v a r i a t e s .
In doing so ,  we use only in fo rm a t io n  on u n t r e a t e d  c o n t a c t s  r e c o r d e d  
in  the  d a ta  s e t ,  s i n c e  t r ea tm e n t  i s  assumed to  modify s u s c e p t i b i l i t y  
and may a f f e c t  the p r o p o r t i o n s  of  i n f e c t e d  i n d i v i d u a l s .  The subsample 
of  the d a t a  used in c lu d e s  181 households .
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We may a s s e s s  the  e f f e c t  of  v a c c i n a t i o n  s t a t u s  X_^ by e s t i m a t i n g
A A
p0 ,p . j ,P2 >p3 as  the  observed  p r o p o r t i o n s  of  i n f e c t i o n s  f o r  the  r eco rded  
*
x i2 = r e s p e c t i v e l y  and p l o t t i n g  the  l o g i t s  of t h e s e  p r o p o r t i o n s
* .a g a i n s t  • We see the r e s u l t  i n  F igu re  4 . 4 ,  and a l i n e a r  r e l a t i o n
it
does no t  appea r  u n re a s o n a b le ,  a l th o u g h  the  p o i n t s  a t  X ^  = 1 and
it
X_i2  = 3 a r e  based  on only 10 and 26 o b s e r v a t i o n s  r e s p e c t i v e l y .  (S ince
it
we have e f f e c t i v e l y  ignored  X^ du r ing  t h i s  a n a l y s i s ,  i n  F ig u re
4 .5  we check t h a t  the  d i s t r i b u t i o n s  of  a r e  s i m i l a r  fori a l l
it
four  va lu e s  of X ^ )  • We a l s o  no te  t h a t  the  s lope  of  any f i t t e d
A
l i n e  would be n e g a t iv e  as r e q u i r e d  ( s in c e  fig < 0 ) .
itWe now examine the  e f f e c t  of  X ^ ,  th e  i l l n e s s  l e n g t h  of  the
it
household index.  Since  X ^  i s  co n t in u o u s ,  the  a r e  e s s e n t i a l l y
a l l  d i s t i n c t ,  and we must average  over n e ighbour ing  v a lu e s  of  X ^  
by d i v i d i n g  the  sample i n t o  c l a s s  i n t e r v a l s .  Then c l a s s  ave ra ges  
{x} may be p l o t t e d  a g a i n s t  the  l o g i t s  of  the  observed  p r o p o r t i o n s
A
{p } to  i n v e s t i g a t e  l i n e a r i t y .
Copas (1983) su g g es t s  the  use of  a k e r n e l  f u n c t i o n ,  g iv in g
?y .i|>(h 1 (x -x .  ..))_ j  i _________ 1 1
X Zty(h 1(x-x .  J )
i  11
 ^ 0 i f  c o n t a c t  i  no t  i n f e c t e d ,  
where y . = <
(1 i f  c o n t a c t  i  i n f e c t e d ;
2ip(u) = exp( -u  / 2 ) ,  a s t a n d a rd  Normal k e r n e l  f u n c t i o n ;  
h = bandwidth ( to  c o n t r o l  the  amount of s m o o th in g ) ; 
x = p o in t  f o r  c l a s s  i n t e r v a l .
A
A rough idea  of the  s t a n d a rd  e r r o r  of  p a t  any va lu e  ofX
x i s  given by the square r o o t  of
Zip(/2h V x - x ^ ) )
p (1-p )------------------- --- i — _ .
X X { ^ ( h - 1( K - X ^ ) ) } 2
0-5 .
Si
- 2-0
x
Fig A A- The effect of X*z
02.
rel>
fne^.
01
0 -2.
nel- 
frircy.
o*i.
20 1*0 GO ftO 100
f f l x £ * 0
20 to go so i6o fto *71 &
fit) >fa •= I
Xu
0-2.
frf<y.
o-K
Fig 4 - 5 ; The distributions o f  Xu •
Given s u f f i c i e n t  d a t a ,  we could produce  f o u r  such p l o t s  c o r re s p o n d in g
k
to  the  s u b s e t s  of the  d a t a  w i th  c o n t a c t  v a c c i n a t i o n  s t a t u s  X .0 = 0 , 1 , 2  and 3.i2 ’ *
I d e a l l y  we would hope to  o b t a i n  fo u r  p a r a l l e l  l i n e s .  However, on ly
k k
10 c o n t a c t s  have = 1 and only 26 have X ^  = 3,  making p l o t s
f o r  t h e s e  va lu e s  u n in fo rm a t iv e .
k k
The p l o t s  f o r  X ^  = 0 (87 c o n t a c t s )  and X ^  = 2 (58 c o n t a c t s )  
use c l a s s  p o i n t s  x = 10(20)110.  Copas su g g e s t s  t h a t  a s u i t a b l e  
s t a r t i n g  va lue  f o r  bandwidth h may be t e n  t imes  the  average  spac ing  
of  the  Por our  d a t a  t h i s  was 11 and,  a l th o u g h  v a r io u s
h va lu e s  were t r i e d ,  the  va lu e  h = 10 seemed to  s t r i k e  the  b e s t  
ba lance  between the wi ld  f l u c t u a t i o n s  produced by small  h v a l u e s  
and the  oversmoothing  produced by l a r g e r  ones .
The p , t h e i r  s t a n d a rd  e r r o r s  and the  number of  o b s e r v a t i o n s  x
on which they were based  a r e  g iven  in  Table 4 . 3 ,  and the  l o g i t  p l o t s  
a re  shown in  F igure  4 . 6 .
c l a s s
k
X-2 - 0
is
h i  - 2
/N A A A
p o in t  x Px s.e.(p )X n . ob s n . PX s . e . (p )X n .o b s n
10 0.178 0.100 35 0.034 0.049 26
30 0.432 0.079 57 0.123 0.062 42
50 0.709 0.072 59 0.254 0.082 46
70 0.669 0.096 46 0.282 0.112 30
90 0.707 0.115 27 0.250 0.158 14
110 0.839 0.109 21 0.027 0.072 7
Table 4 . 3 .  p f o r  bandwidth h = 10 r x
1*0.
l-px,
20 60
fa) 0 .  (bandwidth- i o \
6020 too
- 20 .
(b) X ir- 2. ('bandwidth- 10).
• The efFeet of XT
L i n e a r i t y  i s  seen to  be no t  u n reasonab le  when X ^  = 0> and
A
the  g r a d i e n t  would appear  to be p o s i t i v e ,  s u p p o r t in g  (3^  > 0. U n f o r tu n a t e ly  
F igure  4 .6b i s  no t  so n i c e l y  behaved.  However, as  we see from Table
4 . 3 ,  the  p o i n t s  p l o t t e d  f o r  c l a s s  p o i n t s  x = 90 and x = 110 a r e  
based  on com para t ive ly  small  numbers of  o b s e r v a t i o n s  and have r e l a t i v e l y  
l a r g e  s t an d a rd  e r r o r s .  Removal of  t h e se  two p o i n t s  could  co n c e iv a b ly  
le ave  us w i th  two l i n e a r  p a r a l l e l  p l o t s .  ' ,
On the  o t h e r  hand,  we may b e l i e v e  t h a t  th e s e  two p o i n t s  can
be v a l i d a t e d  m e d ic a l ly .  When d i s c u s s i n g  d i s t r i b u t i o n s  f o r  in
§3 . 3 .2  we no ted  t h a t  many i n f e c t i o u s  d i s e a s e s  d i s p l a y  a r a p i d  d e c l i n e
in  i n f e c t i o u s n e s s  fo l l o w in g  an i n i t i a l  rampant p e r i o d .  Thus the
A
r e l a t i o n  between the  l e n g th  of  index i l l n e s s  and th e  l o g i t
*
of  c o n t a c t  s u s c e p t i b i l i t y  may n o t  be l i n e a r  f o r  l a r g e  v a l u e s  of
However, the  l o g i s t i c  form of the  s u s c e p t i b i l i t y  with  th e  two 
proposed c o v a r i a t e s  would no t  seem to be too  u n reas o n ab le  f o r  our  
model.
4 . 4 . 3 .  The f i t t e d  s u s c e p t i b i l i t i e s .
Having j u s t i f i e d  the  use of  th e  l o g i s t i c  form, we now i n v e s t i g a t e  
how w el l  the  e s t i m a t e d  (or  f i t t e d )  s u s c e p t i b i l i t i e s  f i t  the  d a t a .
The f i t t e d  s u s c e p t i b i l i t y  of  c o n t a c t  i  i s  g iven  by
p.  = [ 1+exp(“ I  Xi n M ]  1 • 
j =0 1J J
A A
We have a l r e a d y  remarked t h a t  the  s ig n s  of  3^ and a r e
r e a s o n a b l e .  F u r t h e r ,  the  average s u s c e p t i b i l i t y ,  e s t i m a t e d  rough ly  
from the d a t a  as the  p r o p o r t i o n  of  exposed c o n t a c t s  who caught  whooping 
cough, was 0.285 which compares w e l l  w i th
The d i s t r i b u t i o n  of the  {p^} i s  shown in  F igu re  4 . 7 a ,  and 
i s  p a r t i t i o n e d  i n t o  i n f e c t e d  and u n i n f e c t e d  c o n t a c t s  in  F igu re  4 .7 b .  
Although t h i s  p a r t i t i o n  does n o t  e x p l a in  the  b im o d a l i t y  as  we may 
have hoped,  i t  does sugges t  d i f f e r e n t  d i s t r i b u t i o n s  f o r  the  f i t t e d  
s u s c e p t i b i l i t i e s  of  i n f e c t e d  and u n i n f e c t e d  c o n t a c t s ,  w i th  h i g h e r
A
p r o p o r t i o n s  of  i n f e c t e d  c o n t a c t s  in  the  h ig h e r  {p^} c a t e g o r i e s .
The d i f f e r e n c e  between th e se  d i s t r i b u t i o n s  was exp lo re d  u s in g  a 2x6
2con t ingency  t a b l e  which y i e l d e d  x = 41 .11 .  However th e  number 
of  degrees  of  freedom i s  u n c l e a r  (a l th o u g h  the  maximum number must 
be 5 ) ,  and indeed the  v a l i d i t y  of  the  t e s t  i s  d o u b t fu l  s i n c e  th e
✓V A
{p^} a r e  no t  independen t ,  be ing  based  on the  same ( 3j }.
The b im o d a l i ty  of the d i s t r i b u t i o n  of  {p^}, may be a t t r i b u t e d
in  some p a r t  to  the  e f f e c t  of v a c c i n a t i o n  s t a t u s  on s u s c e p t i b i l i t y .
. *This i s  c l e a r  from Table 4*4, where X ^  = 0 i s  seen to  accoun t
f o r  n e a r l y  a l l  the  p^ e [ 0 . 4 , 0 . 7 ]  and X^  = 2, X ^  “ 3 f o r  the
lower f i t t e d  s u s c e p t i b i l i t i e s .
Range
A
Frequency of  p^
Xi 2 = 0
*
X. 0 = 1i 2
st
Xi 2  = 2
it
X12 = 3
01oo - - - 28
0 1 o to - - 80 3
0 . 2- 0 .3 - 9 8 -
0 . 3 - 0 . 4 - 4 - -
0 . 4 - 0 . 5 63 - - -
0 . 5 - 0 .6 35 1 1 -
0 . 6- 0 .7 17 - -  • -
Table 4.4  {p^} c l a s s i f i e d  by v a c c i n a t i o n  s t a t u s
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The e f f e c t  of  index i l l n e s s  l e n g t h  may be s i m i l a r l y  t a b u l a t e d ,
a l though  the  p a t t e r n  i s  found to be much l e s s  c l e a r .
The f i t  of  the  s u s c e p t i b i l i t i e s  may a l s o  be i n v e s t i g a t e d  in
A
an ad-hoc manner by s p l i t t i n g  the {p^} in t o  c a t e g o r i e s  0 . 0 - 0 . I , . . . ,
0 . 6- 0 .7 and c a l c u l a t i n g  the  p r o p o r t i o n  of  c o n t a c t s  w i t h i n  each 
c a t e g o ry  who became i n f e c t e d .  We would hope t h a t  the  p r o p o r t i o n s  
o b ta in e d  would l i e  w i t h i n  t h e i r  r e s p e c t i v e  c a t e g o r i e s .  Table 4 .5  
shows t h a t  t h i s  i s  g e n e r a l l y  the  c a s e ,  a l lo w in g  f o r  the  smal l  numbers 
of  o b s e r v a t i o n s  in  some c a t e g o r i e s .
In t h e i r  r ev iew of g o o d n e s s - o f - f i t  t e s t s  f o r  l o g i s t i c  models ,  
Lemeshow and Hosmer (1982) propose  and compare s e v e r a l  s t a t i s t i c s  
f o r  as sessment of  f i t .  They c o n s id e r  the  l o g i s t i c  model w i th  p
c o v a r i a t e s  and propose t h r e e  s t a t i s t i c s  wliich can e a s i l y  be c a l c u l a t e d
f o r  our d a t a  (where p = 2 ) .
We l e t  Y. be a b in a ry  i n f e c t i o n  v a r i a b l e  i . e .  i  J
t  0 i f  c o n t a c t  i  i s  u n i n f e c t e d ,
y i  = <
( 1 i f  c o n t a c t  i  i s  i n f e c t e d ,
Range
No. of 
c o n t a c t s
Number
i n f e c t e d
P r o p o r t i o n
i n f e c t e d
0 .0 - 0.1 28 3 0.107
0 . 1 - 0 . 2 83 10 0 .1 2 0
0 . 2- 0 .3 17 4
; 1
0.235
0 . 3 - 0 . 4 4 1 0.250
0 .4 - 0 .5 63 22 0.349
0 . 5 - 0 .6 37 19 0.514
0 . 6- 0 .7 17 12 0.706
Table 4 . 5 .  P ro p o r t i o n s  of i n f e c t e d  c o n t a c t s
and {M} be the  d e c i l e s  of the  f i t t e d  s u s c e p t i b i l i t i e s  {p^} (D^
A
c o n t a in s  the s m a l l e s t  n / 10  v a lu e s  of  p^ ,  e t c ) .
Then the  f i r s t  s t a t i s t i c  proposed  i s
x 2 = 10 (Q i - e i ) 2
Jl= 1 eZ
A
where 0£ = . E y . ,  e£ = E p . .
i t .  D£ 1 i  6 D£ 1
2Although the  d i s t r i b u t i o n  of  X has  n o t  been s t u d i e d ,  i t  
2i s  o f t e n  compared to  X-|Q_  ^ (see Lemeshow and Hosmer (1 9 8 2 ) ) .
. 2Our r e s u l t s  y i e l d  X = 11.53,  which we may t e n t a t i v e l y  compare w i th
2 .Xy to imply t h a t  the  f i t  i s  r e a s o n a b l e .
2However X uses  only  observed d a t a  on i n f e c t e d  c o n t a c t s ,  
and the  nex t  s t a t i s t i c  compares observed  and expec ted  f r e q u e n c i e s
f o r  a l l  a v a i l a b l e  c o n t a c t s .  We have
_ I  1° (Oia-ekJl) 2 
10 "  u=o *=1 ek*
where 0 = Z y . ,  0 = Z ( 1 - y - ) ,  e = Z p . ,
1 i e D t  i t D t  * i E D l
e o i  = E d - P i ) .  
UIC i e D Z
An e a r l i e r  paper  (Hosmer and Lemeshow, 1980) shows by s i m u l a t i o n
A Ji*
t h a t ,  i f  p+1 < g, then C w i l l  be d i s t r i b u t e d  app rox im a te ly  as
8 
2 .X o. However, m  the  same paper ,  s im u l a t i o n s  have a l s o  shorn  t h a t  
8 ^
2a t h i r d  s t a t i s t i c ,  a l s o  d i s t r i b u t e d  as Xg_2 > 1S more powerfu l  than
C .
8
This i s
H* = E E 
g k=0 £=1 e ’k£
where the  {0 'k£} and {e 'k£}  a re  d e f in e d  as {Ok£} and {elc£} 
above,  bu t  summations a re  c a r r i e d  ou t  w i t h i n  g c a t e g o r i e s  of  th e
St
{p^} wi th  f i x e d  c u t p o i n t s .  Using 9 c a t e g o r i e s  f o r  our  r e s u l t s
* *  . . . .  2we o b ta in  11^  = 11.17 which i s  no t  s i g n i f i c a n t  as  Xy •
A f u r t h e r  s t a t i s t i c  (H :Iiosmer and Lemeshow (1980))  has dem ons t ra ted  
even g r e a t e r  power a g a i n s t  r e a s o n a b ly  c o m p e t i t i v e  models to  the  l o g i s t i c .  
However, the  expec ted  v a lu e s  f o r  t h i s  s t a t i s t i c  a r e  c a l c u l a t e d  by 
assuming t h a t  the c o v a r i a t e s  have m u l t i v a r i a t e  normal d i s t r i b u t i o n s  
w i th in  the su b p o p u la t io n s  ( =  0 , = 1) ,  and s im u l a t i o n s  have
sugges ted  s e n s i t i v i t y  to  th e se  assumptions  when some of the  c o v a r i a t e s
jV
a re  d i s c r e t e .  By the  n a t u r e  of  we a r e  unab le  to use t h i s
s t a t i s t i c ,  and we conc lude  from the  t e s t s  above t h a t  t h e  s u s c e p t i b i l i t i e s  
f o r  our model appea r  to  f i t  r e a s o n ab ly  w e l l .
More r e c e n t l y ,  Landwehr, Preg ibon and Shoemaker (1984) have 
developed g r a p h i c a l  t e c h n iq u e s  f o r  a s s e s s i n g  l o g i s t i c  r e g r e s s i o n  
models.  I t  would be i n t e r e s t i n g  to  compare r e s u l t s  from t h e s e  new 
methods w i th  the  co n c lu s io n s  reached  above f o r  our  d a t a .
4 . 4 . 4 .  The e f f e c t s  of  p r e v e n t i v e  t r e a t m e n t .
I t  i s  d i f f i c u l t  to a s s e s s  the  f i t  of  the  e s t i m a t e d  t r e a t m e n t  
p a r a m e te r s ,  e s p e c i a l l y  f o r  Model B. For Model A, the  v a l u e  of  p a r a m e te r  
a may be e s t im a te d  roughly  from the  d a t a :  the  p r o p o r t i o n  o f  t r e a t e d  
c o n t a c t s  who caught  whooping cough, and t h a t  of  u n t r e a t e d  c o n t a c t s  
who caught  i t ,  may be computed. The i r  r a t i o  g ives  a c rude  e s t i m a t e  
of  a ,  u n c o r r e c t e d  f o r  o t h e r  v a r i a b l e s .  The va lu e  found,  0 .0 7 9 ,
A
i s  r a t h e r  lower than the m .£ .e .  a = 0.113 b u t  i s  w i t h i n  one s t a n d a r d  
e r r o r .  Also ,  bo th  e s t i m a t e d  pa ram ete r s  conf i rm  the  m e d ic a l ly  a c c e p te d
A A
e f f e c t i v e n e s s  of the  a n t i b i o t i c  e ry th rom yc in ,  s in c e  a «  1 and 8^ <<: 0 .
In  o rd e r  to  compare r e s u l t s  from the  two f i t t e d  t r e a tm e n t  p a r a m e t e r s ,  
i n  F igure  4 .8  we p l o t  bo th
A A A
qAi = a p i
and
A A
a g a i n s t  p^ .  q  ^ i s  thus  seen as a s t r a i g h t  l i n e  of g r a d i e n t  a
a
and the  curve  of  makes a D-shape w i th  th e  u n t r e a t e d  l i n e
A A '
p^ = q^.  The e f f e c t i v e n e s s  of  t r e a tm e n t  i s  thus  i n d i c a t e d  by th e
A
sha l lowness  of  the  l i n e  f o r  q 4 . and by th e  '’f a t n e s s "  of the  D-Ai J
A A
shape f o r  Qg^j anc  ^ we see f ° r  9g£ the  p r o p o r t i o n a t e l y  s m a l l e r
a
r e d u c t i o n s  in  the  l a r g e r  {p^} d i s c u s s e d  in  § 3 . 5 .3 .  In  f a c t  a h y p o t h e t i c a l  
" p e r f e c t l y  s u s c e p t i b l e "  i n d i v i d u a l ,  f o r  whom p^ = 1 , would be
t o t a l l y  u n a f f e c t e d  by t r e a tm e n t  u s in g  the  approach of  Model B. However,
x As in c e  e > 0 , V x ,  we always have p^ < 1 and t h i s  e v e n t u a l i t y
A A
cannot a r i s e .  For p ^ (-_ ( 0 . 8 , I . 0 ) ,  q d e c r e a s e s  much more q u ic k l y
A A A
than  p_^  ( f o r  example,  q ^  = 0 .53 when p^ = 0 . 9 5 ) ,  thus  e f f e c t i v e  
t re a tm e n t  i s  s t i l l  seen to  have an a p p r e c i a b l e  e f f e c t  in  t h i s  h ig h  
s u s c e p t i b i l i t y  range .
A A A
Indeed,  q ^  and q ^  a r e  very  d i f f e r e n t  f o r  p^ > 0 . 8 ,  and
we may be s u r p r i s e d  t h a t  t h i s  d i s c r e p a n c y  was n o t  r e f l e c t e d  more 
in  the  f i t s  of  Models A and B. A g lance  a t  F ig u re  4 .7 a  s o lv e s  the
A
mystery :  a l l  the  {p^} a re  l e s s  than  0 . 7 ,  and in  t h i s  lower s u s c e p t i b i l i t y
A A
range q ^  and q a re  very c l o s e .
Thus we conclude t h a t ,  f o r  our  d a t a ,  bo th  t r e a tm e n t  p a r a m e te r s  
a re  i n d i c a t i n g  s i m i l a r  e f f e c t i v e n e s s  of  the p r e v e n t i v e  t r e a tm e n t  
e ry th ro m y c in . I t  would be i n t e r e s t i n g  to compare f i t s  and e s t i m a t e s  
f o r  the  two models f o r  more v i r u l e n t  d i s e a s e s  where h ig h e r  s u s c e p t i b i l i t i e s  
a r e  common.
( 0 ,
ou.
o z .
0-8 1-0
A
Model A — -y  Model B ^
r ig ‘4 - 8  • Comparison oF IreahnenF effect's.
4.5 : MEDICAL IMPLICATIONS OF THE FITTED MODELS
4 . 5 . 1 .  The r e s i s t a n c e  time d i s t r i b u t i o n .
We have s t r e s s e d  th roughout  t h a t  knowledge of  the  r e s i s t a n c e  
time d i s t r i b u t i o n  has im por tan t  i m p l i c a t i o n s  f o r  t r e a tm e n t  s t r a t e g y .
For i n s t a n c e ,  suppose t h a t  i t  were known t h a t  90 p e r  c e n t  of  a l l  
c o n t a c t s  who become i n f e c t e d  a t  a l l  do so in  l e s s  than  7 days .  Then 
t h i s  would c o n t r i b u t e  to  a c l i n i c a l  judgement on whether  to  t r e a t  
a c o n t a c t  when the  index symptoms were r e p o r t e d  to  have appea red  
more than  a week e a r l i e r ,  s in c e  any p o s s i b l e  e f f e c t  of  t r e a tm e n t  
would be a l r e a d y  reduced by a f a c t o r  of  more than  10. This  would 
be p a r t i c u l a r l y  r e l e v a n t  when t h e r e  a r e  o t h e r  t r e a tm e n t  c o n s i d e r a t i o n s  
such as c o s t  and u n d e s i r a b l e  s i d e - e f f e c t s .
Such guidance  may be conveyed in  the form of  the d o c t o r s 1 w a l l c h a r t s  
of  F igure  4 .9  which may be c o n s t r u c t e d  as  f o l l o w s .  The p r o b a b i l i t y  
of  a c o n t a c t ’ s becoming i n f e c t e d  e v e n t u a l l y  i s  p^ . i f  u n t r e a t e d  
(from ( 4 . 4 ) ) ,  and p^F^(u) + q^ [1 “F ^(u ) ]  i f  t r e a t e d  a t  t ime u (from 
( 4 . 5 ) ) .  The r a t i o  of  t h e s e ,  which e x p re s s e s  the  e f f e c t i v e n e s s  of  
g iv in g  t r e a tm e n t  a t  t ime u,  i s
q iF ^  (u) + —  [ 1 ~ F . ( u ) ] .  ( 4 .6 )
p i
T h ere fo re  f o r  Model A (q^=ap^) , th e  e f f e c t i v e n e s s  i s  measured  by
F.j (u) + a[  1-F.j (u) ]
which i s  independent  of  the  c o v a r i a t e s  i . e .  t h e  same f o r  a l l  c o n t a c t s .
This  q u a n t i t y  i s  p l o t t e d  a g a i n s t  u in  F ig u re  4 .9 a  u s in g  e s t i m a t e s
A /> A
A ,c ,a  from Table 4 .1 .
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For Model B, (4 .6 )  cannot  be s i m p l i f i e d  and the  e f f e c t i v e n e s s  
of  t r e a tm e n t  depends on the  s u s c e p t i b i l i t y  p^ ,  and t h e r e f o r e  on 
the  c o v a r i a t e s .  The r a t i o  i s  p l o t t e d  a g a i n s t  u,  u s in g  e s t i m a t e d
param ete rs  from Table 4 . 2 ,  in  F igu re  4 .9b  f o r  p^ = 0.1 and p^ = 0 . 7 ,
th e se  be ing  roughly  the  s m a l l e s t  and l a r g e s t  f i t t e d  s u s c e p t i b i l i t i e s .
The curves  d i f f e r  l i t t l e  : p o s s i b l y  a w a l l c h a r t  cou ld  d i s p l a y  an 
i n t e r m e d i a t e  curve  (maybe t h a t  f o r  p_^  = 0 . 5 )  w i th  a n o te  t h a t  i n d i v i d u a l
s u s c e p t i b i l i t y  may a l t e r  the  v a lu e s  a l i t t l e .  By i n s p e c t i o n ,  such
an i n t e r m e d i a t e  curve would appear  to  d i f f e r  l i t t l e  from t h a t  f o r  
Model A.
I t  i s  in t ended  then  t h a t  d o c to r s  may read  o f f  from such a c h a r t  
t h a t ,  f o r  i n s t a n c e ,  t r e a tm e n t  a f t e r  10 days w i l l  on ly  r educe  the  
chance of be ing  i n f e c t e d  to  64 p e r  c e n t ,  whereas t r e a tm e n t  a f t e r  
4 days w i l l  reduce  i t  to  36 p e r  c e n t .  The s t e e p e r  t h i s  cu rve  i s  
i n i t i a l l y ,  the more im por tan t  i t  i s  to  g ive  t r e a tm e n t  e a r l y  : a sha l low  
curve could  i n d i c a t e  a long p e r io d  d u r ing  which t r e a tm e n t  would be 
wor thwhile .
4 . 5 . 2 .  The s u s c e p t i b i l i t i e s  and c o v a r i a t e s .
From the  l o g i s t i c  model,  a l l  c o n t a c t s  may be assumed to  have 
the  same " b a s e l i n e "  s u s c e p t i b i l i t y  b e f o r e  t h e i r  c o v a r i a t e s  a r e  c o n s i d e r e d ,  
an e s t i m a t e  of  which i s ' g iven  by
A
A - i
P0 = (1+e ) = 0.390
f o r  Model B.
This b a s i c  va lue  i s  modif ied  f o r  each c o n t a c t  by t h e  v a l u e s
. ftof h i s  c o v a r i a t e s .  I n c r e a s i n g  the  va lue  of  c o v a r i a t e  ( th e
index i l l n e s s  l e n g th )  w i l l  tend  to i n c r e a s e  f i t t e d  s u s c e p t i b i l i t y
A ft( s in c e  3  ^ > 0 ) ,  w h i l s t  i n c r e a s i n g  ( c o n t a c t  v a c c i n a t i o n  s t a t u s )
w i l l  lower i t  ($2 < 0 )• ri ^ e magnitudes  of  th e s e  two oppos ing  m o d i f i c a t i o n s  
a r e ,  however,  n o t  independen t ,  as may be seen in  F igu re  4 .1 0 .
I f  we c o n s id e r  an u n vacc ina ted  c o n t a c t  whose s u s c e p t i b i l i t y  
has been r a i s e d  from the  b a s e l i n e  va lu e  to  0 . 6  by the  l e n g t h  of  i l l n e s s  
of  h i s  fam i ly  index ,  then  from F igu re  4 .1 0 a ,  p a r t i a l  v a c c i n a t i o n  
w i l l  lower t h i s  f i g u r e  to  0 .3 7 ,  w h i l s t  f u l l  v a c c i n a t i o n  and a subsequen t  
b o o s t e r  w i l l  t h e o r e t i c a l l y  lower i t  f u r t h e r  to  0 .09  (a drop in  s u s c e p t i b i l i t y  
of  0.51 o v e r a l l ) .  However, f o r  an unv a c c in a t e d  c o n t a c t  w i th  i n i t i a l  
s u s c e p t i b i l i t y  0.5',  the  o v e r a l l  d e c r e a s e  in  s u s c e p t i b i l i t y  p roduced  
by a complete course  of  v a c c i n a t i o n  i s  on ly  0 .4 3 .  A s i m i l a r  phenomenon 
i s  observed when c o n s id e r i n g  the  e f f e c t  on s u s c e p t i b i l i t y  of  d i f f e r e n t  
index  i l l n e s s  l e n g th s  f o r  a c o n t a c t  w i th  a g iven  c o n s t a n t  v a c c i n a t i o n  
s t a t u s  (see  F igu re  4 .1 0 b ) .
The above a r e  d i r e c t  consequences of  th e  l o g i s t i c  form assumed 
f o r  the  s u s c e p t i b i l i t y .  This  form was shown to  be r e a s o n a b l e  a t  
l e a s t  f o r  in  § 4 .4 .2 .  T h e re fo re  a c h a r t  such as F ig u re  4 .1 0 a
may be of  use in  de te rm in ing  the  e f f e c t  o f  a p a r t i a l  o r  f u l l  v a c c i n a t i o n  
program on an i n d i v i d u a l  whose unv a c c in a t e d  s u s c e p t i b i l i t y  may somehow 
be a s s e s s e d .
4 .6  : CONCLUDING REMARKS
In t h i s  c h a p t e r  we have f i t t e d  a s imple form of the  g e n e r a l  
model to  a s e t  of  d a t a  f o r  whooping cough, one of  t h e  assum pt ions  
be ing  t h a t  the  i n c u b a t io n  and l a t e n t  p e r io d s  of  the  d i s e a s e  may be 
assumed to  have c o n s t a n t  d u r a t i o n  among the  i n f e c t e d  c o n t a c t s .  The 
g o o d n e s s - o f - f i t  t e s t s  of  §4.4 sugges t  t h a t  the  f i t  of  the  model i s  
r e a s o n a b l e ,  no m a t t e r  which approach to  t r e a tm e n t  we a d o p t .  On t h i s  
b a s i s  we have been a b l e  to  i l l u s t r a t e  r e s u l t s  which h o p e f u l l y  a r e  
bo th  m e d ica l ly  i n fo rm a t iv e  and easy to  u s e .
Ok
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In  f a c t  the  above r e s u l t s  were based  only  on in fo rm a t io n  r eco rd ed  
f o r  s i n g l e - c o n t a c t  households  in  th e  d a t a  s e t .  In the  i n t e r e s t s  
of  i n c r e a s i n g  the  number of  o b s e r v a t i o n s ,  e s p e c i a l l y  i n  view of the 
small  numbers of  t r e a t e d ,  i n f e c t e d  c o n t a c t s ,  we may f e e l  t h a t  some 
of the  d a t a  from l a r g e r  households  could  a l s o  j u s t i f i a b l y  be inc luded  
in  the  sample f o r  a n a l y s i s .  For example,  in  a household  of  t h r e e  
where bo th  c o n t a c t s  remained u n i n f e c t e d ,  we may c o n s id e r  i t  r e a s o n a b l e  
to inc lude  bo th  as s e p a r a t e  s e c o n d a r i e s ,  o r  j u s t  to  i n c lu d e  one c o n t a c t  
chosen randomly.  S i m i l a r l y ,  when one of  two c o n t a c t s  became i n f e c t e d ,  
the  i n f e c t e d  c o n t a c t  could be r eg a rd ed  as  behav ing  l i k e  a s i n g l e  
secohdary and might  be in c lu d e d .
Using r u l e s  such as th e s e  our  d a t a  sample was expanded from 
277 to  377 in d e x -c o n ta c t  p a i r s .  Models A and B were f i t t e d  and 
gave s i m i l a r  r e s u l t s  to  those  o b ta in e d  in  §4 .3 ,  a l th o u g h  the  m . £ . e . ' s  
had s m a l le r  s t an d a rd  e r r o r s .  This  s t a b i l i t y  i s  encou ra g ing ,  even 
though the  expansion of  the  d a t a  s e t  may n o t  be w e l l  j u s t i f i e d .
In the  nex t  c h a p t e r  we i n v e s t i g a t e  th e  f i t  of  models which 
a l low  v a r i a t i o n  in  the  l e n g th s  of  the  i n c u b a t io n  and l a t e n t  p e r i o d s ,  
u s ing  the  d a t a  from s i n g l e - c o n t a c t  households  on ly .
CHAPTER 5 : ALLOWING THE INCUBATION PERIOD TO VARY
We now f i t  some forms of  the  g e n e r a l  model which a l low  v a r i a t i o n  
in  the le n g th  of  the  in c u b a t io n  p e r io d  to  the  whooping cough d a t a  
f o r  s i n g l e - c o n t a c t  househo lds .  These f i t s  w i l l  be compared w i th  
t h a t  of  Model B (Chapter  4) in  o rd e r  to i n v e s t i g a t e  whether  o r  n o t  
the a d d i t i o n a l  g e n e r a l i t y  can produce a :f i t  which i s  s i g n i f i c a n t l y  
b e t t e r  than t h a t  of  the  simple model.
The fo l lo w in g  assumpt ions  a re  made th roughou t  the  c h a p t e r  u n l e s s  
o the rw ise  s t a t e d :
Assumptions 5
( i )  R e l a t i o n  (3a) h o lds  w i th  jj = 0.
( i i )  v = 00 f o r  a l l  s e c o n d a r i e s .
( i i i )  = 00 f o r  a l l  p r i m a r i e s .
( iv )  F ^ t )  = FT ( t )  V t .
2  ^ ^ ^
(v) p.  = [1+exp(-  I  X . - 3 - ) ]  where X.„ ,X. ,X. „ a r e  asi  . n i i  1 iO i 1* i 2J=0
d e f in e d  in  §4.3 .
2
(v i )  q . = [ 1+exp( -  L x !  . 3 . -£  ) ] “ 1 .
j =0
Condit ions  ( i )  to (v) have a l r e a d y  been  j u s t i f i e d  f o r  th e  whooping 
cough d a ta  (see §4 .1 .1 )  and the cho ice  of  c o v a r i a t e s  f o r  the  s imple  
model was d i s c u s s e d  in  § 4 .2 .2 .  We s h a l l  c o n s id e r  l a t e r  the  v a l i d i t y  
of  r e t a i n i n g  t h i s  combinat ion of  c o v a r i a t e s  f o r  the  models in  t h i s  
c h a p t e r .  In (v i )  we s p e c i fy  t h a t  t r e a tm e n t  i s  to  be r eg a rd ed  as 
a t ime-dependen t  b in a ry  c o v a r i a t e .
5.1 : THE "UNIFORM MODEL".
For t h i s  model we assume t h a t  the  l e n g th  of  the  i n c u b a t io n  
pe r io d  i s  un ifo rm ly  d i s t r i b u t e d  on [a>b] i i e .  *V U[a ,b ]  f o r  
0 < a < b.
Thus
p ( z ) = / iL £
2 1 b -a
0 i f  z < a ,
i f  a S z ^ b ,
1 i f  2 > b .
Values f o r  a and b ,  to  be chosen on medica l  g rounds ,  w i l l  
be d i s c u s s e d  in  § 5 .1 .2 .
We r e t a i n  the  Weibull  d i s t r i b u t i o n  as an approx im at ion  to  the 
r e s i s t a n c e  time d i s t r i b u t i o n
i . e .
F.j ( t )  =
0 i f  t  ■< 0 ,
( 5 .1 )
1- e  i f  t  > 0
f o r  A, c > 0.
From the above,  we may d e r iv e  the  d e n s i t y  of  the  l e n g th  of 
the  in ter-symptoms i n t e r v a l
S = t 2 + z2
which i s  given  by
f 3 (s)
j  f . ( t ) f „ ( s - t ) d t  i f  s > 0 ,
e l s e w h e r e ,
(5 .2 )
by (2 . 1) .
Since f „ ( 2) = - —  2 b~a
f 3 (s)  =
f o r  z e [ a , b ] ,  we o b t a i n
■gk V s"a) i f  a < s ^ b ,
^  {F1 ( s - a ) - F , | ( s - b ) ] i f  s > b ,
0 elsewhere
( 5 .3 )
and we note  t h a t  households  f o r  which we have recorded
s ^ a
a re  e f f e c t i v e l y  excluded from the  d a t a  s e t  to  be a n a ly se d .  A lso ,
f o r  an observed va lue  s ,  we no te  t h a t
Z^e [ a ,b ]  => T2 fc [ s - b , s - a ] .
5 . 1 . 1 .  The c o n t r i b u t i o n s  to the  l i k e l i h o o d .
We s im p l i f y  the £ . c . ' s  o b ta in e d  f o r  the  s p e c i a l  case  p = 0
in  §3 .2 .2  us ing  Assumptions 5 and the  forms of  F^(*) and
a bove .
Then f o r  a Type I  ( u n t r e a t e d ,  i n f e c t e d )  c o n t a c t ,  from (3 .5 )  
and (5 .3 )  we have ,
I PiI — F . ( s - a )  i f  a < s b ,
1 b~a 1
L -  p f  (s )  -  |  p^
I k— [F1 ( s - a ) - F 1 ( s - b ) ]  i f  s > b.I b -a  1 1
The A . c . ' s  f o r  u n in f e c t e d  c o n t a c t s  (Type I I I  and Type IV) remain
as f o r  the  simple model.  So f o r  u n i n f e c t e d ,  u n t r e a t e d  c o n t a c t s  we 
have
LI I I  = 1 ~ P i  (5 .4 a )
and f o r  u n i n f e c t e d  c o n t a c t s  t r e a t e d  a t  t ime u ,
Liy  = 1 -  p i F 1 (u) -  q i [1-F ( u ) ] .  (5 .4b )
However, the  J i . c . ' s  f o r  Type I I  ( t r e a t e d ,  i n f e c t e d )  c o n t a c t s
a re  r a t h e r  more d i f f i c u l t  to d e r iv e  than those  f o r  the  simple model .
We have aga in  the  b a s i c  e x p re s s io n
u s
LI I  = p i / 0 ^ 1 ( t ) f 2 ( s —t ) d t  + q i Ju+f 1 ( t ) f 2 ( s - t ) d t  (5 .5 )
and by a l low ing  Co vary we r e i n t r o d u c e  the  u n c e r t a i n t y ,  m iss ing
from the  simple model,  about  whether  or  no t  t r e a tm e n t  was g iven  " i n  
t ime" i . e .  b e f o r e  or  a f t e r  the  end of  th e  r e s i s t a n c e  t im e .  We a r e
thus  i n t e r e s t e d  in  the  r e l a t i v e  magnitudes  of  the  ( f i x e d )  observed
t r e a tm e n t  time u and the unobse rvab le  random v a r i a b l e  T2 .
T h e re fo re ,  no t  only must we i n v e s t i g a t e  the  form of f o r
s > b and a < s S b (as f o r  above) ,  bu t  a l s o  f o r  d i f f e r e n t
r e l a t i v e  va lues  of  t r ea tm e n t  time u,  in ter -symptoms time s and 
in c u b a t io n  p e r io d  l i m i t s  a and b .  For i f  we have
a ^ Z2 ^ b
then S = + Z^ im pl ie s
s-b  ^ S s - a
f o r  observed  in te r -symptoms i n t e r v a l  s .
Hence
u < s-b => u < => t r e a tm e n t  given " in  t im e" ,
u > s - a  => u > T2 => t r e a tm e n t  g iven  " too  l a t e " ,
bu t  i f
s~b ^ u ^ s - a  then  we a re  u n c e r t a i n  about  the  o rd e r  o f  t r e a t m e n t  
and i n f e c t i o n .
4
These comments a re  r e f l e c t e d  in  the  forms of  the  A . c . ' s  o b t a in e d  
from the  above b a s i c  e x p re s s io n  f o r  ri °  see how th e s e  a r e  d e r i v e d ,
we c o n s id e r  the case
s > b , u < s-b 
in  b a s i c  ex p re s s io n  ( 5 . 5 ) .
Since f 2 ( s - t )  i s  only non-ze ro  when s -b  < t  < s - a ,  and 
we have u < s -b ,  the  f i r s t  i n t e g r a l  i s  z e ro ,  and the  l i m i t s  of  
the second i n t e g r a l  become e f f e c t i v e l y  s-b ( s in c e  u < s -b )  and 
s - a  ( s in c e  s - a  < s ) .
Therefore we have
LI I  " A  W l ( t ) d t = R  [F,  ( s - a ) - * ,  ( s - b ) ] .
f o r  s > b ,  u < s -b .
S i m i l a r l y ,  we may d e r iv e  e x p re s s io n s  f o r  f o r  o t h e r  v a lu e s
of s and u,  and we o b ta in
q i-  [F ( s - a ) - F 1 ( s - b ) ] i f  s>b,  u<s-b ;b - a  L V  
P
~  [F^ (u)-F^ (s -b ) ]  + ^~-[F^  ( s - a ) -F ^  (u) ] i f  s>b,  s - b ^ u ^ s - a ;  
;  PiLt t  = —  [F. ( s - a ) - F 1 ( s -b )  ] i f  s>b,  u > s -a ;I I  ) b-a I I
P • q •
~ - F ^ ( u )  + ^ Z j [ F ^ ( s - a ) - F j ( u ) ] i f  sSb , s - b ^ u ^ s - a ;
— F ( s - a )  i f  s^b ,  u > s -a .b -a  1
We no te  t h a t  the  £ . c . f s a r e  con t inuous  in  s and u ,  assuming F ^ (0) 
i . e .  no in s t a n t a n e o u s  i n f e c t i o n .
The f i r s t  and second d e r iv a t i v e s  of  t h e s e  J l . c . ’ s may be found 
in  Appendix C.
5 . 1 . 2 .  F i t t i n g  the  model f o r  v a r io u s  un ifo rm i n t e r v a l s .
Given va lues  f o r  a and b,  the  model now has s i x  p a ram e te r s  
t o  be e s t im a te d ;
^ S ^ s t i c  f ° rm f ° r  P^ (assumption  5 ( v ) ) ,
3^ the t r e a tm e n t  param ete r  in (assumption  5 ( v i ) ) ,
A,c the  Weibull  s c a l e  and shape r e s p e c t i v e l y  in  e x p r e s s io n
(5 .1 )  f o r  F j ( . )  .
As f o r  the simple model (see § 4 .1 .3 )  , the  i n d i v i d u a l  £ . c . ‘ s may be 
combined in t o  an o v e r a l l  l o g - l i k e l i h o o d  which h o p e f u l l y  [ray be maximised 
u s in g  the a v a i l a b l e  computer program.
Since C h r i s t i e  (1980) and o t h e r  medica l  t e x t s  agree  t h a t  the  
in c u b a t io n  p e r io d  f o r  whooping cough i s  about  7 days ,  and r a r e l y  
longer  than 10 days ,  r e a s o n a b le  cho ices  f o r  th e  end p o i n t s  of  the  
uniform i n t e r v a l  may be g iven  by
a = 6 ,5., b = 10.5.
Then households  f o r  which s ^ 6 .5  w i l l  no t  be in c lu d ed  in
the d a ta  s e t  f o r  a n a l y s i s  i . e .  our m . J l . e . ' s  w i l l  be based  on e x a c t l y
the same subsample as t h a t  which produced the  simple Model B r e s u l t s
of  Table 4 . 2 .  In f a c t  reduc ing  the  va lue  o f  b w h i l s t  r e t a i n i n g
a = 6.5 should produce r e s u l t s  i n c r e a s i n g l y  s i m i l a r  to those  f o r
Model B. We r e c a l l  from §4 .3 .1  t h a t  f o r  Model B the  maximised l o g -
l i k e l i h o o d  v a lu e s  o b ta in ed  were LTT = -355 .16  and L '= -355 .40W E
f o r  Weibull and NED r e s i s t a n c e  t ime d i s t r i b u t i o n s  r e s p e c t i v e l y .
Models were f i t t e d  f o r  b = 1 0 . 5 ( - 1 ) 7 . 5  and the  r e s u l t i n g  
m . L e . ' s ,  s t an d a rd  e r r o r s  and maximised l o g - 1 i k e l ih o o d s  a r e  shown 
in  Tables  5 .1 .1  to  5 .1 .4*  Comparison w i th  Table 4 .2  r e v e a l s  t h a t
A A A A
the e s t i m a t e s  ^o>^i>^2 ’ ^3 anc* t i^e^r  s t a n dard e r r o r s  d i f f e r  l i t t l e  
from the v a lu es  ob ta in ed  f o r  the s imple model,  hence we may i n f e r  
t h a t  the p a r t i c u l a r  cho ice  of d i s t r i b u t i o n  f o r  Z^ does n o t  g r e a t l y  
a f f e c t  the  e s t im a te d  s u s c e p t i b i l i t y  or t r e a tm e n t  e f f e c t .  We may 
a l s o  su spe c t  t h a t  r e t e n t i o n  of  the  two s i g n i f i c a n t  c o v a r i a t e s  from 
the simple model i s  j u s t i f i e d ,  and t h a t  the  o t h e r  c o v a r i a t e s  c o n s id e r e d  
in  §4 .2 .2  would s i m i l a r l y  prove u n h e l p f u l .
A A
Quite  r e a s o n a b ly ,  A and c a re  a f f e c t e d  by the  d i s t r i b u t i o n  
of . As b i n c r e a s e s ,  a l low ing  more v a r i a b i l i t y ,  the  e s t i m a t e
of s c a l e  pa ram ete r  A d e c r e a s e s ,  s i g n i f y i n g  t h a t  l e s s  of  th e  v a r i a t i o n  
among the  {s ^ } i s  r e q u i r e d  to  o r i g i n a t e  from the  Weibull  d i s t r i b u t i o n .  
Also,  the e s t i m a t e  of  shape pa ram ete r  c d e c r e a s e s  as b i n c r e a s e s .
a = 6 .5 b = 10.5
param eter m. £. e . s . e .
V -0 .500 0.319
0.0094 0.0046
-0.881 0.160
e3 -2 .549 1 .090
X 7.932 1.416
C 0.756 0,088
L = -363.90  W
L = -367.25
2  ** 
xf  = 6.7
. . .  ...........
a = 6 .5  b = 9 .5
pa ram ete r m. £. e . s . e .
30 -0 .488 0.320
6 , 0.0094 0.0046
^2 -0 .8 8 3 0.160
g3 -2 .609 1.085
X 8.703 1.430
c 0.811 0.090
Ltt = -363.W 05
L = -365 . 05
2 * 
Xt  = 4 .0
Table 5 .1 .1 Table  5 . 1 . 2
a = t . 5 b = 8 .5
pa ramete r m. £. e s . e .
^0 -0 ,476 0.321
s i 0.0093 0.0046
V -0 .884 0.160
^3 -2 .667 1 .081
X 9.462 1.438
c 0.869 0.092
L = -361 .60  W
L£ = -362 .54  
= 1-88
a =■ 6.5  b = 7.5
pa ram e te r m.£ . e . s . e .
e o
-0 .464 0.322
e , 0.0093 0.0047
g2 - 0 .8 8 6 0.161
e3 -2.721 1.076
X 10.197 1.440
C 0.929 0.095
LT7 = -358.  w 23
Le = -358 .50
= 0.54
Table 5 . 1 .3 Table  5 . 1 . 4
In f a c t  a l l  the models w i th  un i fo rm ly  d i s t r i b u t e d  in c u b a t io n  p e r io d
A
have c < 1 , i n d i c a t i n g  t h a t  the  Weibull  d i s t r i b u t i o n  f o r  has
a r e v e r s e  J - s h a p e .  This  may be r e f l e c t i n g  a tendency  o f  the  model 
to  c o n s id e r  the {s ^ } in  the range  [ a ,b ]  as  almos t  whol ly  composed 
of  in c u b a t io n  p e r io d s ,  the reby  i n f e r r i n g  a r e l a t i v e l y  l a r g e  number 
of very  smal l  r e s i s t a n c e  t imes in  the  d a t a  s e t .  The p r e v i o u s l y  remarked 
excess  of  o b s e r v a t i o n s  f o r  s_^  = 7 may a l s o  have c o n t r i b u t e d  towards  
t h i s  r e s u l t .
The maximised l o g - l i k e l i h o o d  v a lu e s  a r e  th e  (L ) r e c o rd e dw
in  Tables  5 .1 .1  to  5 . 1 . 4 .  C l e a r l y ,  f u r t h e r  m ax im isa t ion  o ccu r s  as
the  uniform i n t e r v a l  i s  narrowed,  and the s imple model,  which r e p r e s e n t s
the l i m i t  of t h i s  c o n t r a c t i o n ,  shows the g r e a t e s t  m ax im isa t ion  w i th
LrT = -355 .16 .  We r e c a l l  a l s o  t h a t  the  c o n s t r a i n t  c = 1 ( i . e .W
^ NED) d id  no t  s i g n i f i c a n t l y  worsen the  f i t  of  the  s imple model
2(maximised l o g - l i k e l i h o o d  = -355 .40  produced X-j = 0 . 4 8 ) .  To
i n v e s t i g a t e  whether  a s i m i l a r  r e s u l t  ho ld s  f o r  2^ ^  U [a ,b ]  th e
unifo rm models were f i t t e d  w i th  t h i s  same c o n s t r a i n t ,  y i e l d i n g  the  
{Lg} in  the  t a b l e s .  I t  may be seen t h a t  the  Weibull  d i s t r i b u t i o n  
f o r  T2 becomes i n c r e a s i n g l y  s u p e r i o r  to  the  NED as the  un i fo rm  
i n t e r v a l  f o r  Z  ^ widens,  a r e s u l t  a l s o  i n d i c a t e d  by the  i n c r e a s i n g
A
va lue  of 1 -  c .
F i t s  were a l s o  c a r r i e d  ou t  w i th  a = 4 .5  and b = 1 0 .5 (1 )1 2 .5  
to see whether the  l a rg e  number of  o b s e r v a t i o n s  w i th  s^ = 7 was 
a f f e c t i n g  the  r e s u l t s .  G en e ra l ly 5very  s i m i l a r  e s t i m a t e s  were o b t a i n e d ;
A
the {3j ) were v i r t u a l l y  i d e n t i c a l  to those  of Tables  5 . 1 .1  to
A A
5 . 1 . 4 ,  and aga in  bo th  A and c dec re ase d  as the  un ifo rm range
(b-a) increased. Also, comparison of the Weibull and exponential
d i s t r i b u t i o n s  f o r  T^ showed a s i m i l a r  p a t t e r n  to  t h a t  above.  Values
f o r  b of  12.5 and 11.5 gave l i k e l i h o o d  r a t i o  v a lu e s  L, - T. o f
W E
23.93  and 2.80  r e s p e c t i v e l y ,  y i e l d i n g  s i g n i f i c a n t  x^ v a l u e s  7.86 and 5 .6 0 .
When b was reduced to  10.5 a n o n - s i g n i f i c a n t  va lu e  3.86 r e s u l t e d .
Thus aga in  as the  uniform i n t e r v a l  nar row s,  the  Weibull  r e s i s t a n c e  
time d i s t r i b u t i o n  i s  no t  s i g n i f i c a n t l y  b e t t e r  than  the  NED. However, 
the  simple model w i th  & = 4 .5  showed the  Weibul l  d i s t r i b u t i o n  to  
be a d e f i n i t e  improvement on the  NED. This d i s c r e p a n c y  in  p a t t e r n  
between the  f a m i l i e s  of  models f o r  a = 4 .5  and a = 6 .5  may w e l l  
be exp la in ed  by the  s u r f e i t  of  7-day i n t e r v a l s  r e c o rd e d .
5 . 1 . 3 .  The f i t  of the  model and d i s c u s s i o n .
/v
Since the  ( 8j } a r e  very  s i m i l a r  to  th o s e  o b ta in e d  f o r  Model 
B we s h a l l  no t  re -examine  the  f i t  of the  c o n t a c t  s u s c e p t i b i l i t i e s  
and t r e a tm e n t  e f f e c t s ,  and conclude t h a t ,  by the  t e s t s  of  §4 . 4 . 2  -  
§4 .4 .4 ,  the se  would appear  to  be adequa te .  However th e  f i t t e d  d i s t r i b u t i o n  
of  the  { s .}  r e q u i r e s  i n v e s t i g a t i o n ,  and we wish to  compare the
/v
e m p i r i c a l  d . f .  of  the  {s^} ,  Fn ( t ) ,  w i th  the  f i t t e d  d . f .  F^Ct) 
which we now d e r i v e :
From (5 .3 )  we have
b -a  1F . ( s - a ) i f  a < s ^ b
f 3 (s ) r-— [F ( s - a ) - F ,  ( s -b )  ] i f  s > b b~a 1 1
0 elsew here
where F ( t )  = 1-e
Thus f o r  a < s ^ b
]d t
a a
b~a c (b - a ) 0
_ s - a A
’ )
where T (k) i s  the  incomple te gamma f u n c t i o n  d e f in e d  byX
X
r  (k) = f yk - 1e~ydy.
X 0
Sim i la r ly ,  we o b t a i n  an e x p re s s io n  f o r  
and we have
i f  s £ a ,
i f  a < s ^ b,
i f  s > b .
A
where s = \C and s =
3 I X  I  b
<f\
F^(s )  was c a l c u l a t e d  f o r  the  f i t  shown in  Table 5 .1 .1  w i th  
uniform i n t e r v a l  [ 6 . 5 , 1 0 . 5 ]  s i n c e ,  m e d ica l ly  speak ing ,  t h i s  appea rs  
to be the most r e a s o n a b le  range f o r  . The incomple te  gamma f u n c t i o n s
/v
were c a l c u l a t e d  u s in g  a r e c u r s i v e  a l g o r i t h m  of Lau (1980) .  F ^ ( t )
and F ^ ( t )  a re  p l o t t e d  t o g e t h e r  in  F igu re  5 . 1 .  A c h i - s q u a r e d  t e s t
. . . . 2with  nine s u b d iv i s io n s  of  the  time range produced Xg = 16.57 which
i s  almost  s i g n i f i c a n t  a t  the  1% l e v e l .
The f i t  of the  d i s t r i b u t i o n  of  the  {s^} would t h e r e f o r e  appear  
to  be u n s a t i s f a c t o r y . Comparison wi th  F igu re  4 . 3 ,  where a s a t i s f a c t o r y  
f i t  f o r  Model B was i n d i c a t e d ,  would sugges t  t h a t  when ^  U [ 6 . 5 , 1 0 . 5 ] ,  
F ^ ( t )  has i n s u f f i c i e n t  mass f o r  small  v a lues  of t .
Thus g e n e r a l ly  we conc lude  t h a t  the  s imple  model appea rs  to  
d i s p l a y  a b e t t e r  f i t  to the whooping cough d a t a  th an  t h i s  un i fo rm  
model. Not only i s  the  f i t  of  the {s^} d i s t r i b u t i o n  s u p e r i o r  
f o r  Model B, bu t  the  l o g - l i k e l i h o o d  maximises f u r t h e r  f o r  the  s imple
*3 (a) -
s - a   —  p-*
b“ a V  \ * cc ( b - a )  a c
1 -  - [ r ;  ( I ) - r s  ( i ) ]
c (b -a )  a c b . c
F ^(s )  when s > b,
E
4\ $  cr ^  2  
'•—^ 1/1 ^
ft)
oAoo (n CO
O'
r r
F ig 5-1 • Fh(fl and fi~(b) For U C b-sjo-s]
incubah’on period-
model f o r  bo th  Weibull  and NED r e s i s t a n c e  t ime d i s t r i b u t i o n s .  As 
the  v a r i a b i l i t y  in  Z2 i n c r e a s e s ,  the maximised l o g - l i k e l i h o o d  va lue  
d ec re a se s  and the  Weibull  d i s t r i b u t i o n  f o r  becomes a s i g n i f i c a n t
improvement on the  NED.
/v
From F igure  5.1 and the  e s t i m a t e s  {c} ( a l l  <1) we may s u s p e c t  
t h a t  a p o s i t i v e l y  skewed d i s t r i b u t i o n  f o r  may improve on the
f i t  of  t h i s  uniform model: S a r tw e l l  (1950,1966) has  shown t h a t  
the  v a r i a t i o n  in  observed in c u b a t io n  p e r io d s  f o r  many common d i s e a s e s  
may be adequa te ly  d e s c r ib e d  by the  p o s i t i v e l y  skewed lognormal d i s t r i b u t i o n ,  
In  the  nex t  s e c t i o n  we c o n s id e r  a " t rapez ium "  d i s t r i b u t i o n  f o r  Z^ 
which al lows us to  i n v e s t i g a t e  the  e f f e c t  of  d i f f e r e n t  skewness of 
the  d i s t r i b u t i o n  of  Z2 on the  f i t  of  the  model,  w h i l s t  keep ing  
the  ex p re s s io n s  f o r  the  £ . c . ' s  s imple .
5 .2 :  THE "TRAPEZIUM MODEL"
We now assume t h a t  in c u b a t io n  p e r io d  Z2 has  a " t r a p e z iu m  
d i s t r i b u t i o n "  w i th  pa ram ete rs  a2 ^  ,b.j ' ,b2 , h e r e a f t e r  a b b r e v i a t e d  
to  Z2 ^  T ra p (a 2 , a ^ , b 1 , b 2) , where 0 < a 2 ^ a^ ^ b^ ^ b 2 » a 2 < b 2 *
The d e n s i t y  of  t h i s  d i s t r i b u t i o n  i s  g iven  by 
2 ( z - a 2 )
 x , , ------------ r  i f  a 0 ^ z < a . ,(a . j -a2) ( b 1+b2- a l ~a2) 2 1*
-— :-------------  i f  a .  ^ z ^ b„ ,
1 2_ a r a2
f 2 (z)  =
2 (b2~z)
(b2- b 1) ( b 1H-b2- a l - a 2) l f  b ! < 2 5 b 2 >
0 e l s e w h e re ,
and the form of the d e n s i t y  i s  i l l u s t r a t e d  in  F ig u re  5 .2
AF(t)
F igure  5 .2  : The t r ape z ium  d e n s i t y
The fam i ly  of  t r apez ium  d i s t r i b u t i o n s  in c lu d e s  the  un i fo rm  
^a l =a2 , >^1==^)2  ^ anc* t r i a n g u l a r  (a^=b^) d i s t r i b u t i o n s  as s p e c i a l  
c a s e s .  However, the  most g e n e ra l  form proposed  above a l low s  f o r  
c o n s id e r a b l e  f l e x i b i l i t y  in  i n v e s t i g a t i n g  d i f f e r e n t  types  of  d i s t r i b u t i o n s  
f o r  Z^, s imply by a l t e r i n g  the  pa ram ete r  v a l u e s .  For example,
ar a2 = V bi > °* ai * bi 
. . . a 1+ b 1i n d i c a t e s  a t rapez ium ,  symmetric about  — ^—  , w i th  a un i fo rm  p o r t i o n  
on [a.jjb.j] and l i n e a r  t a i l s .  Holding (a2 , a . j , b 2 ) c o n s t a n t  w h i l s t  
lower ing b^ towards a p r o d u c e s  d i s t r i b u t i o n s  w i th  i n c r e a s i n g  
p o s t i v e  skewness,  and h o ld in g  ( a 2 , b ^ , b 9) c o n s t a n t  w h i l s t  i n c r e a s i n g  
a^ towards b.j s im u la te s  d i s t r i b u t i o n s  w i th  i n c r e a s i n g  n e g a t i v e  
skewne s s .
The d e n s i t y  f 3 ( 0  of  S = T2 + Z2 i s  then  g iven  by ( 5 . 2 ) ,  
and w i l l  have d i f f e r e n t  forms depending on the  r e l a t i v e  magni tude
of the  observed s and p a ram ete rs  a 2 , a ^ , b ^ , b 2 .
We c o n s id e r  f i r s t  a Weibull r e s i s t a n c e  t ime d i s t r i b u t i o n
i . e .  F ^ ( t )  given  by ( 5 . 1 ) .  By the  form of above,  the  com plex i ty
of e x p re s s io n s  o b ta in ed  f o r  i n c r e a s e s  as s i n c r e a s e s .  When
we have s > b 2 f o r  example,  we o b t a i n  d i r e c t  from (5 . 2 )
S a2 f  (t).2(s-t-a2) S a1 f  (t).2
f 9 (s)  = j  t  r / -  -  ------------- 7  dt + |  7 r - - r ------------ r  dt
2 s - a ,  ^ r a 2) ( b 1+V a r a 2) s - b ,  ( b , +V a r a 2)
s-b1 f  (t)2(b2-s+t)
+ I..............................................._— v d t  <5 *6 )
s-b2 ( 2 b !)(bi 2 a1 a2 
which becomes
— g  —• g
f3 (s) (a1-a2)(b2-b1)(b1+b2-al“a2) [ (b 2~b 1} (s_a2) (1_e ^ O ^ - b ^  (s-a^ (1-e )
- (a -a9) (s-b ) (1-e 3)+(a -a9)(s-b9)(1-e ^)-A(b9“b ){T 0^-)-r 0^-)}
1 2  1 I 2 2 Z 1 s .J C S2 C
+ A ( a  - a , ) { r  (— ) - r  (— ) } ]1 2  s c  s, c J
s - a 2\ c
where s „ = '
s-a^\c
' s-b.j\ c
3 \  A
s - b 2sc
4 V A
Express ions  f o r  f ^ O )  assuming a tw o-param ete r  gamma d i s t r i b u t i o n  
f o r  T2 i . e .  T2 ^  GG(A,1,k) ,  prove to be even more c o m p l ica ted .
Since our pr im ary i n t e n t i o n  a t  p r e s e n t  i s  to  compare d i f f e r e n t  
forms f o r  the d i s t r i b u t i o n  of Z2> we may f e e l  t h a t  the  assumpt ion
T9 'v, n e d ( 1/ a )
w i l l  produce a r e a s o n a b le  s i m p l i f i c a t i o n  of  th e  e x p r e s s i o n s .  P rev ious  
r e s u l t s  f o r  the  simple and uniform models* sugges t  t h a t  any c o n c lu s io n s  
thus  reached  about  the  d i s t r i b u t i o n  of  w i l l  a l s o  ho ld  f o r  Weibull
r e s i s t a n c e  time d i s t r i b u t i o n s .
Then assuming
f , ( t )  = ,
1 A
I £
i f  t  S 0,
i f  t  > 0 ,
A > 0 , in  (5 .2 )  we o b ta in
i f  s < a 0 ,
( a ^ - a 2)(b^+b^-a^ 3^—y[ ( s - a 2~A)+Ae 1] i f  a 2^s<a,j
f 3 ( s )  =
' S 1 ’ S2.
(a^-a2) ( b 1+b2- a ^ -a 2y[ ( a 1~a2 )+A(e - e  )] i f  a <s£by
2 [ ( b 2~s+A)(a1~a2 )+A{(b2~b1) ( e  ^ e  2 ) - ( a . j - a 2 )e 3 }]
( a  ^—a2/(b9—b 1) (b1+b2- a 1~a2) i f  b^<s^b2
s- Sn S . s „
2A[(b2~b1) ( e  - e  )+.(a1~a2) ( e  *-e ) ]
( a ^ - a 2) ( b 2~b^) ( b . j + b ^ a ^ - a ^ i f  s > b,
(5 .7 )
s-a,
where s„ = —r—- 1 A
s-a.  
S2 = ~A~
s-b
S3 = ~X~
s-b,  
S4 = ~X~
and households  f o r  which we have r eco rded
a re  e f f e c t i v e l y  excluded  from the d a t a  s e t  to  be a n a ly s e d .
5 . 2 . 1 .  The c o n t r i b u t i o n s  to the l i k e l i h o o d .
The J l . c . ’ s Lj j j  and f o r  u n i n f e c t e d  c o n t a c t s  a r e  i d e n t i c a l
to  those  f o r  the  s imple  and un iform models (see  (5 .4a )  and ( 5 . 4 b ) ) .
For a Type I (untreated, infected) contact we have
\  = P i f 3 (s )
where the  a p p r o p r i a t e  e x p r e s s io n  f o r  i-s chosen 'from ' (5 .7)  .
The Z . c . ' s  for Type II contacts can take many forms, depending
on the observed values (u,s). Firstly, the expression for
i s  chosen from ( 5 . 7 ) ,  depending on the  va lu e  s .  Then s i m i l a r  p a r t i t i o n i n g
of the  range  of  u va lu e s  (remembering u < s)  produces  many d i f f e r e n t
e x p re s s io n s  f o r  However, i n s p e c t i o n  of  the  d a t a  s e t  r e v e a l s
that only 5 of these are likely to be useful for our particular analysis.
The observed pairs {(u,s)} have relatively large s values, much
l a r g e r  than any va lue  f o r  b^ which we a r e  l i k e l y  to c o n s id e r  m e d ic a l ly
reasonable. Hence we only consider the form of f^(s) for s > b9
above, which was the result of substituting
t
■C f +■ \  ^ ^V t ) = i e
i n t o  the  b a s i c  form ( 5 . 6 ) .
Having f i x e d  s > b 2 , and t h e r e f o r e  the  form of f ^ ( s ) ,  we
now c o n s id e r  the  £ . c .  L p  f o r  d i f f e r e n t  v a lu e s  of u.
We recall
Z2 G [a2 , b 2 ] => T2 t  [ s - b 2 , s - a 2 ] ,  s in c e  S = T? + Z9 .
Now
u < s-b2 => u < T2 => treatment given "in time", so L p  = q^f^(s), 
u > s-a2 => u > rJ?2 => treatment given "too late", so L p  = p^f^(s),
but s-b 2 = u ^ s - a 2 r e f l e c t s  u n c e r t a i n t y  about  the  t i m e l i n e s s  of 
t r e a t m e n t .  E xp ress ions  f o r  f o r  t h i s  range  of  u v a lu e s  may
be o b ta ined  by c o n s id e r i n g  the  b a s i c  form (5 .6 )  o f  f ^ ( s ) ,  m u l t i p l y i n g  
i n t e g r a l s  f o r  which = u by p^ and those  f o r  which > u 
by q^ ( c . f . e x p r e s s io n  (5 .5 )  f o r  e a r l i e r  m ode ls ) .  For example,  
i f  u e [ s - b ^ , s - a ^ ]  we o b t a i n  the  i . e .
S b 1 f j ( t ) . 2 (b2“ S + t )d t  u f ^ ( t ) . 2dt
■^ 11 P f /  (b ) ( b„+bn~B. - a + ^i ^s - b 2 ^b 2 b p (b 1+b2 a i a 2 ') 1 s - b 1 (b i +b2 a i a 2^
S a 1 f 1 ( t ) . 2d t  S a2 f  ( c ) . 2 ( s - t - a 2) d t
4“
+
qi^  ( b 1+b0-a  - a 9) + qi^  (a - a 0) ( b 1+b9~a - a 9)u 1 2 1 2 s-a^ 1 2  1 2  1 2
1 Xand we w r i t e  f . ( t )  = — e and s i m p l i f y .I A
Hence, f o r  the  case  s > b 2 » we o b t a i n  i . e . ' s  f o r  Type I I  ( t r e a t e d ,  
i n f e c t e d )  c o n t a c t s :
— S — s •— g —g
2Xqf j^ (b2—b j) (e ^-e )^ + (a^~a2)(e ^-e u<s-b2,
2 | \ q . . ( b 2- b 1) (e 1- e  2 )+X(a1~a2) (p^e ^ -q^e  3)
+ (a^ -a2)  (b2- s+u+X) (q^ -p^ )e  U/^ J / d
i f  s - b 2^u<s-b
L j j  = “</ 2 ^Xqi (b2“b 1) (e 1- e  2 )+Xpi ( a 1~a2) (e ^ -e  3 )
+ (a 1~a2) ( b2“b i )  ( q i ~ p i ) e  U^ J / d
i f  s - b ^ u ^ s - a
2|[x(b2 - b 1) ( q . e  ' - p . e  2 )+Xp.(a i - a 2 ) ( e  ^ - e  &3)
+ ( P i ~ q p  (b2- b j )  (a2 -s+u+X)e U^ J  /d
where s 0 s 0 . s „ . s ,  a re  as d e f in e d  f o r  (5 .7 )1 2 3 4
and d = ( a ^ - a ^  (b2-b.j) ( b ^ b ^ a ^ - a ^  .
We no te  t h a t  the se  £ . c . ' s  a re  con t inuous  in  u.
Again,  the i n d i v i d u a l  £ . c . ' s  a r e  combined i n t o  an o v e r a l l  l o g -  
l i k e l i h o o d  f o r  the  d a t a  which i s  to be maximised u s in g  the  same i t e r a t i v e  
computer program.
The f i r s t  and second d e r i v a t i v e s  of  th e  £ . c . f s used in  the  
f i t s  may be found in  Appendix C.
' , ' I
5 . 2 . 2 .  I n v e s t i g a t i n g  d i s t r i b u t i o n s  f o r
From the  t e s t s  of f i t  of  the  un i fo rm  model in  § 5 . 1 . 3 . ,  we i n f e r r e d  
t h a t  a p o s i t i v e l y  skewed d i s t r i b u t i o n  f o r  Z2 might  be more r e a s o n a b l e  
than  the  un iform d i s t r i b u t i o n .  By f i t t i n g  the  t r ape z ium  model w i th  
s u i t a b l y  chosen pa ram ete rs  we now i n v e s t i g a t e  t h i s  p r o p o s i t i o n .
End p o in t s
a2 = 4 . 5 ,  b2 = 10.5
were chosen in  the  f i r s t  i n s t a n c e .  When f i t t i n g  the  s imple  model 
w i th  Z2 = 4 .5  we s t a t e d  t h a t  a few medica l  t e x t s  r e p o r t  i n c u b a t i o n  
p e r io d s  f o r  whooping cough o c c a s i o n a l l y  as s h o r t  as  5 days ( see  § 4 . 3 . 1 . )  
w h i l s t  C h r i s t i e  (1980) and o t h e r s  ag ree  t h a t ,  f o r  wel l-documented  
o u tb re a k s ,  p e r io d s  lo nger  than 10 days a re  r a r e .
Once the  t r apez ium  pa ram ete r s  have been  f i x e d  th e  model has  
f i v e  param ete rs  to be e s t i m a t e d  : 6q , > 82 >3^ as  d e f in e d  f o r  the
uniform model in  § 5 .1 .2 ,  and the  NED s c a l e  pa ram e te r  X.
We no te  immediate ly  t h a t  the  households  w i th  r eco rd ed  i n t e r ­
symptoms i n t e r v a l s  l e s s  than 4 .5  days a r e  exc luded  from the  d a t a  
which may be a n a ly se d ,  as  the c o n t a c t s  must have been i n f e c t e d  under  
c o n d i t i o n s  no t  covered by our model.  Since  b o th  s imple and un i fo rm  
models have been f i t t e d  p r e v io u s l y  to  t h i s  same subsample of  the
d a ta  we r e c o rd  h e r e  some r e s u l t s  u s e f u l  f o r  comparison.
R e s u l t  1 (Simple Model B)
( i )  When = 4 . 5  and T2 ^  NED(1/A), the  maximised l o g -
l i k e l i h o o d  was Lg = -3 8 8 .2 4 .
( i i )  When Z2 = 4 .5  and T2 ^  Weibul l  (A ,c ) ,  the  maximised
l o g - l i k e l i h o o d  was LTT = -3 8 5 .9 5 .
W
R es u l t  2 (Uniform Model)
When Z2 U [4 .5 ,1 0 .5 ]  and T2 ^  NED(1/A), th e  maximised l o g -
l i k e l i h o o d  was = -394 .31 .E
We beg in  by assuming
a^ = 5 . 5 ,  b.j = 9 . 5
i . e .  f i t t i n g  a symmetric t r apez ium  d i s t r i b u t i o n  f o r  Z2 . The v a lu e  
of  param ete r  b^ i s  then  g r a d u a l ly  d ec re a se d  in  s u c c e s s iv e  f i t s  
u n t i l  a t r i a n g u l a r  d i s t r i b u t i o n  r e s u l t s  when a^ = b^ = 5 . 5 ,  the  
d i s t r i b u t i o n  meanwhile becoming i n c r e a s i n g l y  p o s i t i v e l y  skewed. This  
t r e n d  i s  con t inued  by r e t a i n i n g  a^ = b^ w h i l s t  d e c r e a s i n g  t h e i r  
common va lue  f u r t h e r  towards a 2 = 4 . 5 .
The r e s u l t s  of  f i t t i n g  the  model a r e  d i s p l a y e d  in  Table 5 . 2 . 1 .  
For each f i t  per formed we have r eco rded
( i )  the va lu e s  of a^ and b^ ,
( i i )  the shape of  the d i s t r i b u t i o n ,
A A A A A
( i i i )  pa ram ete r  e s t i m a t e s  3q>8 -| >32 >32 >^ >
( iv )  the  maximised l o g - l i k e l i h o o d  va lue  L^.
The median s t a n d a rd  e r r o r s  of  the  pa ram e te r  e s t i m a t e s  a r e  a l s o
A
i n d i c a t e d  a t  the  fo o t  of the  t a b l e .  The s t a n d a r d  e r r o r s  of  th e  {X}
D ensity  shape
-0 .434 0.0096 -0 .870 -2 .6 7 9.069 -399 .97
-0 .4 3 0 0.0096 -0 .871 -2 .697  9.284 -399 .08
0.426 0.0096 -0 .8 7 2 9.471 -398 .08
-0 .423 0.0096 -0 .8 7 2 -2 .736 9.620 -397 .00
0.422 0.0097 0.873 -2 .747 -396 .20
-0 .4180 0.0097 0.873 2.747 9.879 -393 .05
4.8 -0 .417 0.0097 -0 .874 -2 .772 9.946 -391 .60
0.416 0.0097 -0 .874 2.779 390.66
Median s tan d a rd  e r r o r s 0.315 0.0046 0.155 0.835
Table 5 . 2 . 1 .  F i t t e d  t rapez ium model; a 0 = 4 . 5 ,  b 0 = 10.5;  
i n c r e a s i n g  p o s i t i v e  skewness.
were by f a r  the  most v a r i a b l e , r a n g i n g  from 1,17 when A = 9.069 to
A
1.28 when A = 10.015.
A
We no te  immediately t h a t  the  e s t i m a t e s  {$j} a r e  l i t t l e  a f f e c t e d  
by changing the d i s t r i b u t i o n  of  • Reference  to  Table 4 .2  and
Tables 5 . 1 . 1 .  to 5 . 1 . 4 .  r e v e a l s  t h a t  they a r e  a l s o  remarkab ly  s i m i l a r  
to the co r respond ing  e s t i m a t e s  f o r  the  simple and unifo rm models,  
even though th e s e  p rev io u s  r e s u l t s  were based  on a s l i g h t l y  s m a l l e r  
subsample of  the  d a t a  ( exc lud ing  s^ v a lu e s  l e s s  than  6 . 5 ,  r a t h e r  
than 4 . 5 ) .  The c o r r e l a t i o n s  between th e s e  e s t i m a t e s  remain very
A
small  f o r  a l l  the  f i t s .  The va lue  of  A i s  seen to  i n c r e a s e  as 
the  v a r i a b i l i t y  in  the  d i s t r i b u t i o n  of  d e c r e a s e s ,  a r e s u l t  s i m i l a r
to t h a t  a l r e a d y  d i s c u s s e d  f o r  the  Weibull  s c a l e  pa ram ete r  i n  the  
f i t s  of the  uniform model (see  § 5 . 1 . 2 ) .
As the  d i s t r i b u t i o n  of Z9 becomes more p o s t i v e l y  skewed we 
see t h a t  the  va lu e  of  i n c r e a s e s .  The very  skewed t r i a n g u l a r
d i s t r i b u t i o n s  lower in the  t a b l e  show f u r t h e r  m ax im isa t ion  than  the  
uniform model on the  same range ( r e s u l t  2 ) ,  a l th o u g h  the  va lu e  
Lg = -388.24  f o r  the  simple model ( r e s u l t  1) i s  never  q u i t e  r e a c h e d .  
Since a l l  the se  models have the  same number of  p a ram ete rs  to be 
e s t im a te d  we cannot  use formal l i k e l i h o o d  r a t i o  methods to  compare 
the  f i t s .  N e v e r th e l e s s ,  the  degree  of  m ax im isa t ion  of  may s t i l l
p rov ide  u s e f u l  in fo rm a t io n  f o r  ad hoc compar isons  of  the  f i t t e d  models .
I t  i s  no t  c l e a r  from the se  r e s u l t s  whe ther  the  improvement 
in  stems from the  i n c r e a s i n g  p o s i t i v e  skewness of  the d i s t r i b u t i o n
of  Z^, or  from the  reduced v a r i a b i l i t y  in  th e  d i s t r i b u t i o n .  We 
r e c a l l  t h a t  the  l a t t e r  was found to  be im por tan t  when f i t t i n g  the  
un iform model. Thus,  r e t a i n i n g  the e n d - p o in t s  a£ = 4 . 5 ,  b£ = 10.5 
two more s e t s  of f i t t e d  trapez ium models were i n v e s t i g a t e d :
(a) beg inn ing  w i th  a^ = 5 . 5 ,  b.| = 9 . 5 ,  the  va lue  of  a  ^
was g r a d u a l ly  in c re a s e d  to  r e p r e s e n t  more n e g a t i v e  skewness,
(b) from the  same s t a r t i n g  p o i n t ,  the  c e n t r a l  un ifo rm p o r t i o n
was n a r r o w e d  p r o g r e s s i v e l y ,  p r o d u c i n g  a  s e t  o f  d i s t r i b u t i o n s  s y m m e t r i c  
a 2+^2about — —— w i th  d e c r e a s i n g  v a r i a b i l i t y .
The r e s u l t s  of  the  (a) f i t s  a r e  shown i n  Table 5 . 2 . 2 ,  and of
the  (b) f i t s  in  Table 5 . 2 . 3 .  Since  the  e s t i m a t e s  of  the  p a ra m e te r s
a re  very  s i m i l a r  to  those  p r e v i o u s l y  o b ta in e d ,  they  a r e . n o t  i n c lu d e d .
I n s p e c t i o n  r e v e a l s  t h a t  d e c r e a s i n g  v a r i a b i l i t y  in  the  d i s t r i b u t i o n
of Z0 does no t  appea r  g e n e r a l l y  to  i n c r e a s e  the  va lue  of  L„,  and  ^ E
we conclude t h a t  th e  i n c r e a s i n g  p o s i t i v e  skewness in  th e  p r e v io u s  
f i t s  was an im por tan t  f a c t o r .
F i t s  were a l s o  c a r r i e d  ou t  w i th  e n d - p o in t s
a^ = 6 . 5 ,  b2 = 10.5
in  o rd e r  to  compare r e s u l t s  d i r e c t l y  w i th  those  i n v e s t i g a t e d  in  d e t a i l  
in  Chapter  4 f o r  Model B, and w i th  the  un i fo rm  f i t s  of § 5 . 1 .2 .  We 
r e c a l l  the  r e s u l t s  f o r  t h e s e  models:
R e s u l t  3 (Simple Model B ) .
When = 6 . 5 ,  the  maximised l o g - l i k e l i h o o d s  were
Ltt = -35 5 .1 6 ;  Lr  = -3 5 5 .4 0 .  w E
R esu l t  4 (Uniform M odel) .
When ^  U [6 .5 ,1 0 .5 ]  the  maximised lo g - l i l c e l i h o o d s  were
L = -363 .90 ;  h = -3 6 7 .2 5 ,  w E
U s i n g  t h e  o b v i o u s  n o t a t i o n .
D ens i ty  shape
-399 .97
-403 .80
-406 .925
-408 .80
-409 .70
Table 5 . 2 . 2 .  F i t t e d  t r apez ium  model; a ^ = 4 . 5 ,  b^ = 1 0 . 5 ; 
i n c r e a s i n g  n e g a t iv e  skewness.
a 1 b 1 D ens i ty  shape l e
5.0
5.5
10.0
9.5
/ '  \ -397.05
J Z  Z -399 .97
6 .0 9.0 /  \ -401 .57
6.5 8 .5 Z ~ \ -402 .35
7.0 8 . 0 / ~ \ -403 .45
7.5 7.5 /  \ -403.81
Table 5 . 2 . 3 .  F i t t e d  t rapez ium  model; a  ^ = 4 . 5 ,  b^ = 1 0 . 5 ; 
symmetric d e n s i t i e s .
The r e s u l t s  of  f i t t i n g  i n c r e a s i n g l y  p o s i t i v e l y  skewed d i s t r i b u t i o n s  
f o r  on t h i s  range  a re  shown in  Table 5 . 2 . 4 .  S im i la r  comments
to  those made on r e s u l t s  f o r  the  p r e v io u s  range  of  va lu e s  (Table
A
5 . 2 . 1 )  a re  seen to app ly :  the  (3^} d i f f e r  l i t t l e  from p re v io u s
A
f i t s ,  and bo th  A and i n c r e a s e  as th e  p o s i t i v e  skewness i n c r e a s e s .
E v e n tu a l ly ,  f u r t h e r  maxim isa t ion  occurs  than  t h a t  d i s p l a y e d  by the  
unifo rm model on th e  same range  ( r e s u l t  4 ) ,  and t h i s  d e s p i t e  u s in g  
the  NED r a t h e r  than  the  Weibull  d i s t r i b u t i o n  f o r  T£ . However, the  
va lues  o b ta in e d  f o r  the  simple model ( r e s u l t  3) a r e  neve r  r eac h ed .
Reducing v a r i a b i l i t y  in  the  d i s t r i b u t i o n  of  Z^, by c o n s i d e r i n g  
n e g a t i v e l y  skewed and symmetric d i s t r i b u t i o n s  on t h i s  new ran g e ,  
g ives  s i m i l a r  r e s u l t s  to  th o s e  a l r e a d y  d i s c u s s e d  f o r  Tables  5 . 2 . 2  
and 5 . 2 . 3 .  I n c r e a s i n g  the  range  of  v a lu e s  of  Z^ (keep ing c o n s t a n t
w h i l s t  g r a d u a l ly  i n c r e a s i n g  b £ ) , a l s o  r e s u l t s  in  p r o g r e s s i v e l y  
l e s s  maxim isa t ion  of  L^, a phenomenon a l r e a d y  observed  in  Tables  
5 .1 .1  to 5 . 1 .4  f o r  the  un iform model.
5 . 2 . 3 .  The f i t  of  the  model and d i s c u s s i o n .
A
Since the  {3j } a re  almost  i d e n t i c a l  to  those  o b ta in e d  in  
p rev ious  f i t s ,  we conclude t h a t  the  f i t  of  th e  s u s c e p t i b i l i t i e s  and 
t r e a tm e n t  e f f e c t s  a re  aga in  p robab ly  adeq u a te .  We wish  now to  compare
A
the  e m p i r i c a l  d . f .  of the  {s^},  Fn ( t ) , .  w i th  th e  f i t t e d  d . f .  F ^ ( t ) ,  
which we o b ta in  us ing  the forms (5 .7 )  of f ^ ( t ) .
For example,  when a^ = s < a^ we have
a 1 b 1 D ens i ty  shape ro
 
> 
° !
A
*1
A
32
A
h
A
X l e
7.5 9.5 -0.491 0.0092 -0 .879 -2 .547 8.863 -376 .60
7.5 8.5 / — ^ -0 .487 0.0092. -0 .8 8 0 -2 .571 9.058 -374 .98
7.5 7.5 -0 .484 0.0092 -0 .8 8 0 -2 .587 9.187 -373 .07
7.0 7.0 -0.481 0.0092 -0 .881 -2 .606 9.348 -367.31
6.9 6.9 -0 .480 0.0092 -0 .881 -2 .610 9.381 -365 .8 4
6 .8 6 .8 -0 .479 0.0092 -0 .881 -2 .614 9.415 -364 .69
6.7 6.7 -0 .479 0.0092 -0 .881 -2 .618 9.450 -363.77
6 .6 6 .6
I
/
///
/
/'
//
- 0 .478 0.0092 -0.881 -2 .6 2 2 9.485 -363 .02
Median s tan d a rd  e r r o r s 0.318 0.0046 0.160 0.839 1 .247
Table 5 . 2 . 4 .  F i t t e d  t rapez ium  model; = 6 . 5 ,  = 1 0 . 5 ;
i n c r e a s i n g  p o s i t i v e  skewness
s -a ,
whence
r3 (s)
( s - a 2) 9 - (-
— 2 X ( s -a2)+X ( 1- e
( a ^ - a ^ ) (b
and s u b s t i t u t i n g  X f o r  X g ives  F^Cs).
Thus we o b ta in
F3 U )  =
0
(s a ? ) a ao s .
2[ .....2- ---■ - X ( s - a 2)+X (1-e  ' ) ]
( a ^ - a 2 ) (b^+b2~a^~a2)
(a.  a^) a a2 ^a s
2[----- ^-------  + (3 . ^ 2 ) ( s - a 1~X)+X (e - e  )]
(a_j-a2) ( b l +b2“a 1- a 2)
(a. 3 n )  A A 2 s
2 [----~2~ —  + ( a 1- a 2 ) ( b 1- a 1-X)+XZ(e - e  ' ) ]
( a 1~a2 ) ( b 1+b2- a 1- a 2)
,u2 2,
( b  . S )  A A O S A
2[---- “2  +(b2+ X )(s -b 1)-X (1-e  J )]
(b2~b1)  ^ 1+b2~a 1~a 2 ^
(a - a 2)
2 [----- 2-------  + ( a 1~a2 ) ( b 1~ a 1-X)+X^(e ^-e  ' ) ]A - 2 /  S2 S 1
(a - a 2 ) ( b 1+b2- a 1- a 2 )
( b 2 “ b 1 ) a A fS “ S „  _ S /
2 [ - - i -  -  +X(b2~b 1 )+X (e J - e  ’4 )]
(b2“b ^) ( b 1+b2- a l - a 2)
if s < a2 ,
i f  a 2 = s <
i f  b 1 < s
i f  s > b 2 ,
- where s ^ , s 2 , s 2 , s^  a re  as d e f in e d  f o r  ( 5 . 7 ) ,  w i th  X s u b s t i t u t e d  
f o r  X.
A
F ^ ( t )  and ^n ( t )  a r e  p l o t t e d  t o g e t h e r  f o r  the p a r t i c u l a r  
f i t  in which
Z2 ^  T r a p ( 6 . 5 , 7 . 0 , 7 . 0 , 1 0 . 5 )
in  F igure  5 .3 .  A c h i - s q u a re d  t e s t  w i th  n in e  t ime s u b d i v i s i o n s  p roduces
S'
!S^ nr
/ 3  3rt>
rr 3
o
u>
A
R q  5-3 ; Rfr) and tjti-) For Trqp (&sj- 0,7-0,10-5) 
incupahon period-
2 . . .  . .= 17.21,  a va lue  almost  s i g n i f i c a n t  a t  the  1% l e v e l .  This  r e s u l t  i s
j u s t  about as .extreme; as t h a t  o b ta in e d  when Z2 ^  U [ 6 .5 , 1 0 .5 ]  in  § 5 . 1 . 3 . :  
comparison of  the  maximised l o g - l i k e l i h o o d  v a lu e s  f o r  t h e s e  two f i t t e d  
models r e v e a l s  t h a t  we might have expec ted  such a r e s u l t .  I n s p e c t i o n  
of  F igure  5.3  a l s o  r e v e a l s  t h a t
F3 ( t )  < Fn ( t )  f o r  1 6 [ 6 . 5 , 3 8 ] ,
so the  lack  of  f i t  i s  h a r d ly  s u r p r i s i n g .
S im i la r  p l o t s  drawn f o r  the  t rapez ium  model w i th
Z2 'b T r a p ( 6 . 5 , 6 . 6 , 6 . 6 , 10.5)
and w i th
Z2 't T r a p (6 . 5 , 6 . 6 , 6 . 6 , 1 2 .5 )
appeared  v i r t u a l l y  i d e n t i c a l  to  F igu re  5 . 3 .  The former produced  
2
a X7 v a lue  of  14.17 which,  a l though  s i g n i f i c a n t  a t  th e  5% l e v e l ,
shows some improvement on the  p rev io u s  va lu e  of  17.21,  presumably
owing to  the  i n c r e a s e  i n  p o s i t i v e  skewness.  However, e x t e n s i o n  of
2the  range by i n c r e a s i n g  b 2 to 12.5 produced X7 = 20.73 i n d i c a t i n g  
a c o n s id e r a b ly  worse f i t .
The r e s u l t s  above sugges t  t h a t  the  t rap e z iu m  model i s  s u f f i c i e n t l y  
f l e x i b l e  to  produce a b e t t e r  f i t  t o  the  whooping cough d a t a  tha n  
the  unifo rm model,  even r e s t r i c t i n g  the d i s t r i b u t i o n  of  ..T2 to  the  
s i n g le - p a r a m e t e r  NED. G enera l ly  speak ing ,  the  f i t  appea rs  to  be 
improved bo th  by i n c r e a s i n g  the  p o s i t i v e  skewness and d e c r e a s i n g  
the  range  of the  d i s t r i b u t i o n  of  Z2 . The l i m i t  of th e s e  :two o p e r a t i o n s ,  
the  simple model, s t i l l  appears  to g ive  the  b e s t  f i t .
In the  nex t  s e c t i o n  we c o n s id e r  a model in  which b o th  and
T2 a r e  e x p o n e n t i a l l y  d i s t r i b u t e d .  For Z2 , t h i s  may be viewed
as an e x t e n s io n  of  the  sequence of p o s i t i v e l y  skewed t r a p e z iu m  d i s t r i b u t i o n s ,  
f o r  which we have
a 2  =  a i =  b r  b 2  =  °°>
and e x p o n e n t i a l ,  r a t h e r  than  l i n e a r ,  decay in  the  r i g h t - h a n d  t a i l .
5.3: THE "EXPONENTIAL MODEL"
We assume now t h a t  b o th  Z2 and T2 a r e  e x p o n e n t i a l l y  d i s t r i b u t e d .  
Thus,  as  f o r  the t rapez ium  model,  we have
0 i f  t  < 0
F , ( t ) _t
X
(5 .8 )
1- e i f  t  ^ 0
f o r  X > 0,  i . e .  T2 NED(1/X).
I t  i s  obv ious ly  u n rea sonab le  to  a l lo w  ve ry  small  v a l u e s  f o r  
Z^, so we in t ro d u c e  a l o c a t i o n  pa ram ete r  6 > 0 i n t o  the  i n c u b a t i o n  
p e r io d  d i s t r i b u t i o n ,  so t h a t  we have
i f  z > 6 ,
!
f o r  y > 0 ,  i . e .  Z^ -  6 ^  NED(1/y).
C l e a r l y ,  the  va lue  of  6 r e p r e s e n t s  the  s h o r t e s t  p e r m i t t e d  
i n c u b a t io n  p e r io d ,  and households  f o r  which we have reco rded
w i l l  be excluded from the  d a ta  s e t  to  be a n a ly s e d .  As p r e v i o u s l y  
d i s c u s s e d  f o r  the  s imple model (see  § 4 . 2 . 3 ) ,  such th r e s h o l d  p a r a m e te r s  
p r e s e n t  problems f o r  e s t i m a t i o n ,  and we s h a l l  choose f i x e d  v a lu e s  
f o r  <5 which appea r  to be m e d ica l ly  r e a s o n a b l e .
From ( 5 . 2 ) ,  the  d e n s i t y  of  S = + Z2 maY then  be w r i t t e n
F2 ( z )
i f  z ^ 6
fO (s )  = J f 1( t ) f 9 ( s - t ) d t  
o o
where s '  = s -  6
s ince Z2 > 6 => T2 < s -  6 .
Substituting for f^(‘), f^(*) this becomes
f 3 (s)  =
y-X
0
~t" {e - e  ^ } i f  s > 6 ,
i f  s ^ 6 .
(5.9)
We a re  obv ious ly  assuming th roughout the  d i s c u s s i o n  t h a t  X and 
Y a r e  d i s t i n c t :  i f  X = y , then  S' ‘v GG(X,1,2) i . e .  a Gamma 
d i s t r i b u t i o n  w i th  s c a l e  param ete r  X and shape pa ram e te r  2.
5 . 3 . 1 .  The c o n t r i b u t i o n s  to the  l i k e l i h o o d .
The i . e . ' s  anc* L f o r  u n i n f e c t e d  c o n t a c t s  a r e  aga in
i d e n t i c a l  to those  f o r  p rev io u s  models ,  where F ^ O )  i s  g iven  by
(5.8) .
For Type I  c o n t a c t s ,  from ( 5 . 9 ) ,  we have
L = ~ { e  Y - e  X }I  y - A 1 ’ ’
and f o r  Type I I  c o n t a c t s  
s ’
P i l o  f i ( t ) f 2 ( s - t ) d t
JI I u s
p . f  f . ( t ) f 9 ( s - t ) d t + q .J f  ( t ) f 0 ( s - t ) d t  q 1 2 i J u 1 2 i f  u < s 1 .
The e x p re s s io n  f o r  when u £ s '  i s  c l e a r l y  i d e n t i c a l
to  f o r  the  u n t r e a t e d  i n f e c t e d  c o n t a c t s ,  s i n c e  we have
Thus T2 < u5 and the c o n t a c t  must have been i n f e c t e d  b e f o r e
he was t r e a t e d .  S u b s t i t u t i n g  f o r  f ^ ( ‘ ) and f 2 ( *) when u < s ' ,
we have ,
_ s 
Y
'II
-u  _u - s  •
f p . ( 1 - e  }+q.{e - e  }
, u(y-X) , s(y-X)where u. =  4   and sA =  4   .A yX A yX
The f i r s t  and second d e r i v a t i v e s  of  th e  L c . ' s  may be found 
in  Appendix C.
5 . 3 . 2 .  F i t t i n g  the  e x p o n e n t i a l  mode l .
In  o rd e r  to  f a c i l i t a t e  compar isons  w i th  p re v io u s  models ,  v a lu e s  
f o r  6 of 4 .5  and 6.5 days would seem to  be bo th  co n v en ien t  and r e a s o n a b l e  
The e x p o n e n t i a l  model may then  be co n s id e re d  as i n t e r m e d i a t e  between 
the  t rapez ium  and simple models .  To e x p l a i n  t h i s  s t a t e m e n t ,  we c o n s i d e r  
the  case <5 = 6 .5 .  In Table 5 . 2 . 4  we i n v e s t i g a t e d  t r ap e z iu m  models 
w i th  = 6 .5  which became p r o g r e s s i v e l y  more p o s i t i v e l y  skewed.
We may c o n s id e r  the  e x p o n e n t i a l  model th en  as an e x t e n s i o n  of  t h i s  
sequence f o r  which
a2 = a 1 = b 1 = 6 ‘5, b 2 = °°>
the decay between b^ and b^ be ing  e x p o n e n t i a l ,  r a t h e r  than  l i n e a r .
Then, as  y 1 0,  we approach the simple model w i th  & = 6 .5 .
We have thus  s i x  pa ram ete r s  to  be e s t i m a t e d  :
3o>3 i>$2 »^3 » as d e f in e d  f o r  p rev io u s  models;
X, the  s c a l e  pa ram ete r  of  the  d i s t r i b u t i o n  of T^; 
y,  the  s c a l e  param ete r  of the  d i s t r i b u t i o n  of  Z^.
The i t e r a t i v e  computer program ran  smoothly f o r  bo th  v a l u e s
of 6 , and the  param ete r  e s t i m a t e s  and maximised l o g - l i l c e l ih o o d s
a re  shown in  T a b le s 5 .3 .1  and 5 . 3 . 2 .  Values of  L and Lr1 f o r  t h eL W
simple model w i th  the  co r respond ing  l o c a t i o n  p a ram e te r s  a r e  a l s o  in c lu d e d  
f o r  comparison.  We see t h a t  f o r  bo th  v a l u e s  of  6 , «':the e x p o n e n t i a l  
model produces  f u r t h e r  maxim isa t ion  than  the  s imple model when we 
r e s t r i c t  a t t e n t i o n  to  T2 NED(1/X). When 6 = 6 .5  even t h e  v a l u e
L f o r  the  simple model w i th  Weibull  r e s i s t a n c e  t ime d i s t r i b u t i o n
A
i s  exceeded.  The a re  meanwhile ve ry  s i m i l a r  to v a l u e s  o b t a i n e d  from
prev ious  f i t s .
5 . 3 . 3 .  The f i t :  of the model and d i s c u s s i o n
A
Since the  a re  so s i m i l a r  t 0  p r e v io u s  e s i t m a t e s ,  we aga in
assume t h a t  the  f i t  of c o n t a c t  s u s c e p t i b i l i t i e s  and t r e a tm e n t  e f f e c t s  
a re  adequa te ,  as they were f o r  the  simple model.  We compare the  e m p i r i c a l  
d . f .  of the  { s . } ,  Fn ( t ) ,  w i th  the  f i t t e d  d . f .  F ^ ( t ) .
From (5 .9 )  we o b ta in
/ t - 6 >. / t - 6 ,.s s , —(—r ) - ( ------)
F^(s )  = j  f ^ ( t ) d t  = j  “e Y Jd t
0 0
=  1 +
_ ( s 6 ) _ (^ 6}
( Ae -ye ^
y-A
and thus
F 3 ( s ) =
1 +
rr a y iLAe -ye ' ]
A A
y-A
i f  s ^ 6 ,
i f  s > 6 .
Parameter Es t imate s . e .
-0 .384 0.323
3 , 0.0098 0.0047
32 -0.881 0.156
e3 -2 .962 1.067
A 11 .99 1 .51
Y 0.241 0.304
Exponen t ia l  Model:L =-E -387.40
Simple Model:L =-388.24Hi
..................
L = - 3 8 5 .95 w
P aramete r E s t im a te s . e .
B0 -0 .454 0.322
6 i 0.0093 0.0047
32 - 0 .8 8 6 0.161
33 -2.761 1 .073
A 10.80 1.39
Y 0.136 0 . 108
E xp o n en t ia l  Model:L =ill -354 .75
Simple Model:LE= -3 5 5 . 40
L- =-355.  w 16
Table 5 .3.  1 .‘E xponen t ia l  Model ,6=4.5 Table5 . 3 . 2 : E x p o n en t ia l  Model , 6=6 .5
F ^ ( t )  and ^ ( t )  a r e  p l o t t e d  t o g e t h e r  f o r  6 = 6 .5  in  F ig u re  
5 . 4 ,  and immediately,  comparison w i th  F ig u re s  5.1 and 5 .3  sugges ts
an improvement in f i t  on the  un i fo rm  and t r ap e z iu m  models f o r  smal l
. . 2 .va lues  of  s .  A n o n - s i g n i f i c a n t  va lue  of  7.80 conf irms  t h i s .
Thus the simple and e x p o n e n t i a l  models b o th  appear to  f i t  the 
whooping cough d a t a  a d e q u a te ly ,  and i f  a " b e s t "  model i s  r e q u i r e d  
the  cho ice  may be d i f f i c u l t .  Since  bo th  have the  same number of  p a ram e te r s  
to  be e s t im a te d  we cannot  d i s t i n g u i s h  between them on th e s e  grounds .
In f a c t ,  s in ce  the  e s t i m a t e s  of  y a r e  sm a l l ,  the  f i t s  a re  v i r t u a l l y  
i d e n t i c a l  and the cho ice  between models i s  p robab ly  u n im p o r ta n t .  The 
simple model however may be more f l e x i b l e  when i n v e s t i g a t i n g  new s e t s  
of  d a t a ,  as d i f f e r e n t  r e s i s t a n c e  t ime d i s t r i b u t i o n s  may be i n c o rp o r a t e d  
more e a s i l y .
5 .4 :  THE "WEIBULL MODEL"
The models of p rev io u s  s e c t i o n s  which have d i s p l a y e d  r e a s o n a b l e  
f i t s  to the d a ta  have assumed the i n c u b a t io n  p e r io d  to  be c o n s t a n t ,  
o r  almos t  c o n s t a n t ,  between c o n t a c t s .  Medical  t e x t s  i n f e r  t h a t  t h e r e  
i s  a c t u a l l y  more v a r i a t i o n  in  the d i s t r i b u t i o n  of  than  th e s e
models sugges t  : f o r  example K & K (1981) s t a t e  t h a t  the  i n c u b a t i o n  
p e r io d  of  whooping cough i s  about  7 days ,  and t h a t  o n s e t  in  most c a s e s  
f a l l s  w i th in  10 days .  C h r i s t i e  (1980) quo tes  r eco rded  p e r i o d s  of  
3 to  21 days ,  a l though  he sheds doubt on the  v a l i d i t y  of  th e  more 
extreme v a lues  and i n f e r s  t h a t  5 to  12 days i s  a more u s u a l  o u t s i d e  
range .
Thus i t  was dec ided  to a t tem p t  to f i t  a model f o r  which the  
d i s t r i b u t i o n  of Z^ was f i x e d ,  based on medica l  i n f o r m a t io n .  A f t e r  
some s e a rc h in g ,  the Weibull  d i s t r i b u t i o n  w i th  s c a l e  p a ram e te r  8 .5  
and shape pa ramete r  7 .0 ( a b b re v i a te d  to  Weib (8 .5 ,  7 .0) ) was f e l t  to
cr
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Model, 6 = 6 - 5 .
be a s u i t a b l e  c a n d i d a t e .  I f  Z2 ^  Weib (8 . 5 ,7  .0)  , then we have
F2 (5) = 0 .0 2 ,  F2 (12) s 1.00 and F2 (1 0 ) -F 2 (7) = 0 .7 3 ,
a l l  of  which agree  well  w i th  the  observed  in fo rm a t io n  on whooping 
cough.
For the  Weibull  model we r e t a i n  ( i ) ,  ( i i ) ,  ( iv )  and (v) from 
Assumptions 5, and assume f u r t h e r :
(a) q i  = a p i .
(b) < 00, the same f o r  a l l  househo lds .
(c) G(t)  =
0 i f  t S O ,
" (x )C1- e  i f  t  > 0 .
(d) Z2 ^  Weib(8 . 5 , 7 . 0 ) .
In (a) we s p e c i f y  the  c o n s t a n t  m u l t i p l i e r  approach to  t r e a t m e n t ,  
p r e v io u s l y  used in  Model A of Chapter  4. We assume in (b) t h a t  the 
le n g th  of  the  i n f e c t i o u s  p e r io d  of  whooping cough' i s  bo th  f i n i t e  and 
c o n s t a n t  over a l l  index c a s e s .  I n i t i a l l y  we s h a l l  r e g a rd  y^ as 
a param ete r  to  be e s t i m a t e d .
In (c)  and (d) we co n s id e r  Weibull  d i s t r i b u t i o n s  f o r  b o th  the  
in c u b a t io n  p e r io d s  {Z2 } and the  r e s i s t a n c e  t imes  {T^}. The p a ra m e te r  
of  the  d i s t r i b u t i o n  of  Z2 a r e  f i x e d ,  whereas th o s e  of  T9 r e q u i r e  
e s t i m a t i o n .  The d i s t r i b u t i o n  of  T2 i s  a l s o  r i g h t - c e n s o r e d  a t  y^ ,
and /  0 t  < 0 ,
t  c
F i ( t )  = = )  "L ^ ~ y 7 " c 0 “ c * y i
, e- (^
1 t  > y r
Then, from assumpt ions  (c) and (d) above ,  the d e n s i t y  of  S -  T2+Z 
i s  g iven by
where m = min(s,y^).
5 . 4 . 1 .  The c o n t r i b u t i o n s  to  the  l i k e l i h o o d .
For Type I  c o n t a c t s ,  we have l i k e l i h o o d  c o n t r i b u t i o n s  of  the
form
LI  = p i f 3 (s)
which, from ( 5 .1 0 ) ,  becomes
7cp m
LI
( 8 . 5 ) 7 1-e
y 1 c- 0
|  i ( s , t ) d t ,  s > 0 
0
! -r / >_\6 r / t Nc / s - t x7 1where i ( s , t )  = t  ( s - t )  e x p - [ (y )  +(3- 3 ) ] ,
and m i s  d e f in e d  above.
L.^  may be found by s u b s t i t u t i n g  e x p r e s s i o n s  f o r  anc*
f 2 ( ‘ ) i n t o  ( 3 . 6 ) ,  and we o b ta in
7cp . 1
' I I
AC(8 . 5 ) 7 1-e
y 1 ° - (r>
, u m v
j j  i ( s , t ) d t + a j  i ( s , t ) d t | ,  s > 0 .
We no te  t h a t  t h i s  reduces  to i f  m ^ u i . e .  i f  T2 S y £ u
(remember t h a t  we are  assuming u < s ) .
As f o r  a l l  p rev ious  models ,  we have
f o r  u n t r e a t e d ,  u n i n f e c t e d  c o n t a c t s .  Meanwhile f o r  t r e a t e d ,  u n i n f e c t e d  
c o n t a c t s  we have from (4 .5 )
The forms of  L .^  and , when u ^ r e f l e c t  th e  f a c t
t h a t  t r e a tm e n t  given to  a c o n t a c t  a f t e r  the  end of  the  i n d e x 1 i n f e c t i o u s  
p e r io d  can have no e f f e c t .
F i r s t  and second d e r i v a t i v e s  of  the  l i k e l i h o o d  c o n t r i b u t i o n s  
were found,  f o r  use in  the  f i t t i n g  p r o c e s s .  However, t h e i r  forms 
a re  r a t h e r  cumbersome and of l i t t l e  i n t e r e s t ,  and a r e  thus  no t  rep roduced  
in  Appendix C.
5 . 4 . 2 .  F i t t i n g  the  Weibull  mode l .
Although the Weibull  model can accommodate smal l  v a lu e s  of  
S in  the form of f^(*)> i t  i s  c l e a r l y  n e v e r t h e l e s s  u n d e s i r a b l e  
to  inc lude  such households  in  the  d a t a  s e t  to  be a n a ly s e d ,  s in c e  
i t  i s  more l i k e l y  t h a t  th e se  f a m i l i e s  had two e x t e r n a l l y - i n f e c t e d  
p r i m a r i e s .  There fo re  households  f o r  which
were excluded from the  d a t a  sample b e f o r e  the  f i t t i n g  began .  U n fo r tu n a te  
t h i s  means t h a t  we have zero  observed  f r equency ,  b u t  p o s i t i v e  d e n s i t y  
f ^ ( s ) ,  in  t h i s  r e g io n ,  which w i l l  c e r t a i n l y  n o t  improve the  f i t  
of  the  model (see  the comment on the  cho ice  of  i n c u b a t io n  p e r io d  
d i s t r i b u t i o n  a t  the end of t h i s  s e c t i o n ) .
LIV p^F-j (u) -  a p i ( 1- F l (u)}
which becomes
LIV
i f  u ^ y
i f  u <
s ^ 4 . 5
P re l im in a ry  f i t s  a l low ing  to  vary  were u n s u c c e s s f u l .  From
§4.2.1 we r e c a l l  t h a t  max{s^} = 58, and t h i s  p ro v id e s  a lower 
l i m i t  f o r  the  va lue  of pa ram ete r  y . S ince the  l i k e l i h o o d  i s  no t  
d i f f e r e n t i a b l e  wi th  r e s p e c t  to y^ a t  the  end-po in ty  the  e s t i m a t i o n  
p rocedure  used i s  no t  s u i t a b l e  f o r  t h i s  type of  c e n s o r in g  p a ra m e te r .
T he re fo re  we f i x
y ,  = 58
and wish to  e s t i m a t e  the  o t h e r  s i x  pa ram e te rs  of  the  model:
3o>3., ,& 2 as  ^or t i^e Pr e v i ° us models ,
A,c the  s c a l e  and shape pa ram ete rs  of  the  Weibul l  r e s i s t a n c e  t ime d i s t r i b u t i o n ,  
a the  t r e a tm e n t  pa ram ete r .
The form of the in t e g r a n d  i ( s , t )  i n  th e  £ . c . ?s ,  and i t s  
d e r i v a t i v e s ,  r e q u i r e d  numerica l  i n t e g r a t i o n  t e c h n iq u e s .  R ou t ines  
from the  NAG l i b r a r y  f o r  Gauss-Legendre and Gauss-Laguer re  q u a d r a t u r e  
were used .  Since the se  made the  com puta t ions  f o r  the  i t e r a t i v e  m a x im isa t io n  
program r a t h e r  l e n g th y ,  the  l i k e l i h o o d  s u r f a c e  was exp lo red  f i r s t  
with  smal l  numbers of a b s c i s s a e  f o r  the  num er ica l  i n t e g r a t i o n ,  to 
f i n d  a r e a s o n a b le  s t a r t i n g  p o i n t .  However, even d u r ing  th e se  p r e l i m i n a r y  
i n v e s t i g a t i o n s  t h e r e  were some com pu ta t iona l  problems.  For example,  
the  term
, s - t x 7exp -
becomes very  small  when the  observed t ime s i s  " l a r g e "  (>35 in
our c a l c u l a t i o n s ) ,  and the  J l . c . ’ s and d e r i v a t i v e s  from such o b s e r v a t i o n s
had to be s e t  to zero  in  o rd e r  to  avoid  under f low on th e  computer .
E v e n tu a l ly ,  however, a s u i t a b l e  s t a r t i n g  p o i n t  was found ,  the
number of a b s c i s s a e  in  the  numerica l  r o u t i n e s  were i n c r e a s e d ,  and
the  i t e r a t i v e  procedure  ran  smoothly,  i f  r a t h e r  s low ly .  The e s t i m a t e s
of the  param ete rs  and the maximised l o g - 1 i k e l i h o o d  LTT a r e  shownW
in  Table 5 . 4 . 1 .
Parameter Es t im a te
3q ( c o n s t a n t ) -0 .427
3 1 ( i l l .  l e n g th ) 0.0094
$2 ( v a c c in a t i o n ) -0 .8 7 2
a ( t r e a tm e n t ) 0.130
A (Weibull  s c a l e ) 8.75
c (Weibull  shape) 0.689
Ltt = -400 .46 .  W
Table 5 . 4 . 1 .  Parameter e s t i m a t e s  from
the  Weibull  mode l .
Comparison w i th  pa ram ete r  e s t i m a t e s  from p re v io u s  models r e v e a l s  
a marked s i m i l a r i t y .  However, the  s t a n d a rd  e r r o r s  of  t h e s e  new e s t i m a t e s  
were no t  o b ta in e d .  The sample i n fo rm a t io n  m a t r ix  looked very  s i m i l a r  
to t h a t  f o r  the simple Model A (Chapter  4) w i th  £ = 4 . 5 ,  a p a r t  
from the e n t r i e s  r e p r e s e n t i n g  d e r i v a t i v e s  of  the  l o g - l i k e ! i h o o d  w i th  
r e s p e c t  to  shape param ete r  c .  At tempts to i n v e r t  t h i s  m a t r i x  u s in g  
a NAG r o u t i n e  s p e c i a l l y  des igned  f o r  p o s i t i v e  d e f i n i t e  m a t r i c e s  (C h o le sk y 1 
method ) were u n s u c c e s s f u l ,  the  r o u t i n e  r e p o r t i n g  t h a t  the
m a t r ix  was "not  p o s i t i v e  d e f i n i t e ,  p o s s i b l y  due to  rounding  e r r o r s " .
(The m a t r ix  was l a t e r  s u c c e s s f u l l y  i n v e r t e d  u s in g  a NAG r o u t i n e  based  
on C r o u t ' s  method , and was thus  n o n - s i n g u l a r ) .  The l a r g e  amount 
of  numerica l  i n t e g r a t i o n  involved  in  the  c a l c u l a t i o n  of  th e  r e q u i r e d  
second d e r i v a t i v e s  may indeed have c o n t r i b u t e d  towards a prob lem 
with  rounding e r r o r s .  On the  o t h e r  h a n d , e x p r e s s io n s  f o r  th e  d e r i v a t i v e s  
invo lved  were l e ng thy  and t e d io u s  to  o b t a i n ,  and may have c o n t a in e d  
an e r r o r .
These p o s s i b i l i t i e s  were no t  pursued  : the  l o g - l i k e l i h o o d  d id
no t  maximise as f a r  as  the  simple Model A w i th  I  = 4 .5  ( f o r  which
L = -387.27  w i th  the  same number of  pa ra m e te r s )  and, as  d i s c u s s e d  w
e a r l i e r  in  t h i s  s e c t i o n ,  the f i t  of  the  model i s  u n l i k e l y  to  be very 
good.
However, the  above i n v e s t i g a t i o n s  i n t o  the  Weibull  model do 
i n d i c a t e  how q u ic k ly  the  computa t ions  r e q u i r e d  can become unwie ldy ,  
even when an a p p r e c i a b l e  number of  s im p l i f y i n g  assumptions  a r e  a p p l i e d  
to  the  ge n e ra l  model.
On r e f l e c t i o n ,  the  cho ice  of d i s t r i b u t i o n  f o r  Z  ^ way w e l l  
have been unwise : i t  would p robab ly  have been more r e a s o n a b l e  to  
have assumed a f i x e d  Weibull  d i s t r i b u t i o n  w i th  a l o c a t i o n  p a r am e te r  
(as in  the  e x p o n e n t i a l  m o d e l ) . We should  then  a l s o  have avoided  
the  u n r e a l i s t i c  assumption of a n e g a t i v e l y  skewed i n c u b a t io n  p e r i o d  
d i s t r i b u t i o n .
5 . 5 :  CONCLUDING REMARKS
In t h i s  c h a p te r  we have f i t t e d  some forms of  the  g e n e r a l  model 
which a l low  v a r i a t i o n  in  the l e n g th s  of  i n c u b a t io n  p e r io d s  between 
c o n t a c t s  to  the s e t  of d a ta  f o r  whooping cough.  These models a re  
seen to  al low f o r  u n c e r t a i n t y  about  whe ther  or  no t  p r e v e n t i v e  t r e a t m e n t  
was a d m in i s t e re d  " in  t ime" to Type I I  c o n t a c t s .
We have encountered  models which, a l though  easy  to  a p p ly ,  gave 
u n s a t i s f a c t o r y  f i t s  to  the  d a t a  ( the  unifo rm and t r ap e z iu m  models)  
and one which was c o m p u ta t io n a l ly  in c o n v en ien t  ( the  Weibu ll  model) .
The t rapez ium  model, however,  p rov ided  some u s e f u l  i n s i g h t s  i n t o  
p o s s i b l e  d i s t r i b u t i o n s  f o r  . The e x p o n e n t i a l  model appea rs  to  
be the only model cons ide red  which g ives  a r e a s o n a b l e  f i t  w h i l s t
r e t a i n i n g  p r a c t i c a l  s i m p l i c i t y .
The f i t t e d  e x p o n e n t i a l  model would appea r  to  f i t  the  d a t a  as 
w e l l  as the  simple models of  Chapter  4,  a l th o u g h  i t  would be more 
d i f f i c u l t  to use g e n e r a l l y  f o r  i n v e s t i g a t i o n s  i n t o  d i f f e r e n t  r e s i s t a n c e  
time d i s t r i b u t i o n s .  These "good" models a l low  l i t t l e  o r  no v a r i a t i o n  
i n  the  le n g th s  of in c u b a t io n  p e r i o d s ,  which i s  perhaps  s u r p r i s i n g  
in  view of the a v a i l a b l e  medical  in fo r m a t io n .  One p o s s i b l e  e x p l a n a t i o n  
f o r  t h i s  anomaly may be t h a t  the  v a r i a t i o n  between in c u b a t i o n  p e r i o d s  
f o r  a s i n g l e  ou tb rea k  of whooping cough over  a small  a r e a  i s  c o n s i d e r a b l y  
l e s s  than  t h a t  r e p o r t e d  f o r  a whole s e r i e s  of  ep idemics  of  th e  d i s e a s e  
which a re  d i s t a n t  bo th  g e o g r a p h i c a l l y  and in  t ime .
I t  i s  wor th mentioning  t h a t  the  models  of  t h i s  c h a p t e r  were 
a l s o  f i t t e d  to the augmented d a t a  s e t  c o n s id e re d  in  §4 .6 .  The r e s u l t s  
and e s t i m a t e s  o b ta in e d  were very  s i m i l a r  to  th o se  which we have r e p o r t e d  
f o r  the  s i n g l e - c o n t a c t  househo lds .
CHAPTER 6 : SOME OBSERVATIONS AND SUGGESTIONS
6 .1 :  REMARKS ON THE WHOOPING COUGH MODELS
Amongst the models f i t t e d  to the whooping cough d a t a  in  Chapters  
4 and 5, two ( the  simple and e x p o n e n t i a l  models)  have dem ons t ra ted  
s a t i s f a c t o r y  f i t s .  The fo l lo w in g  g e n e ra l  c o n c lu s io n s  would appea r  
to  be v a l i d  f o r  bo th  of t h e s e  models .
( i )  The models sugges t  the  e f f i c a c y  of  the  a n t i b i o t i c  e ry th rom yc in  
as a p r e v e n t iv e  measure : t h i s  conf irms in fo rm a t io n  found in  medica l  
t e x t s  ( e . g .  C h r i s t i e ,  1980) and more r e c e n t l y  i n  Kwantes e t  a l  (1983) .
A A
For s imple Model A we have a «  1 and f o r  o t h e r  models g^ <<: 0: 
in  §4 .4 .4  the  two approaches  to t r e a tm e n t  were seen to  i n d i c a t e  
very  s i m i l a r  e f f e c t s  f o r  the  range  of  f i t t e d  s u s c e p t i b i l i t i e s ,  and 
the  f i t t e d  r e s i s t a n c e  t ime d i s t r i b u t i o n s  ( a l s o  im p o r tan t  in  d e t e rm in in g  
the  e f f e c t i v e n e s s  of  p r e v e n t iv e  t r e a tm e n t )  a r e  almost  i d e n t i c a l  f o r  
the  simple and e x p o n e n t i a l  models.
( i i )  The v a c c i n a t i o n  s t a t u s  of  the  c o n t a c t  appea rs  to  be an
im por tan t  f a c t o r  in  d e te rm in ing  s u s c e p t i b i l i t y  to  whooping cough,
/\
s in ce  << 0* Recent  medica l  work ( f o r  example,  see V e s s e l in o v a -  
Jenk ins  e t  a l ,  1978; M i l l e r  e t  a l ,  1982) i n d i c a t e s  t h a t  modern v a c c in e s
a r e  e f f e c t i v e ,  a l though  e a r l i e r  p rophy lac t ic  a g e n t s  f o r  the  d i s e a s e
had more checkered  c a r e e r s .
In § 4 .4 .2 .  we showed t h a t  the  l i n e a r  v a c c i n a t i o n  e f f e c t  which 
we sought appeared to be r e a s o n a b l e .  In h i s  i n v e s t i g a t i o n  i n t o  a t t a c k  
r a t e s  on " f u l l y  immunized" and "not  f u l l y  immunized" c h i l d r e n ,  Noah 
(1976) uses  a c o a r s e r  b in a ry  measure of v a c c i n a t i o n  s t a t u s ,  r e g a r d i n g  
c h i l d r e n  as f u l l y  immunized only i f  they  have r e c e iv e d  a t  l e a s t  t h r e e  
doses of vacc ine  (our s co re s  2 and 3 ) .
( i i i )  The e s t i m a t e s  of  the e f f e c t s  of  v a c c i n a t i o n  s t a t u s  (g^) 
and p re v e n t iv e  t r e a tm e n t  (g^ or  a)  on the  s u s c e p t i b i l i t y  of  c o n t a c t s  
seem to  be l a r g e l y  u n a f f e c t e d  by the d i s t r i b u t i o n s  assumed f o r  the  
c o n t a c t  i n c u b a t io n  p e r io d s  i-s f o r t u n a t e ,  s in c e  the  cho ice
of " b e s t "  d i s t r i b u t i o n  on medical  grounds i s  by no means c l e a r !  The 
models f i t t e d  sugges t  t h a t  the  assumpt ion of  c o n s t a n t  l e n g th  i n c u b a t i o n  
p e r io d s  produces  a good f i t  f o r  t h i s  p a r t i c u l a r  d a t a  s e t ,  and indeed  
t h i s  may w e l l  prove  to  be r e a s o n a b le  more g e n e r a l l y  when d e a l in g  
wi th  l o c a l i s e d  ep idemics .
Other i n v e s t i g a t i o n s  remain to  be c a r r i e d  ou t  f o r  th e  a v a i l a b l e  
whooping cough d a t a .  I t  would be i n t e r e s t i n g  to examine some f u r t h e r  
d i s t r i b u t i o n s  f o r  Z p o s s i b l y ,  f o r  example,  the  Weibull  d i s t r i b u t i o n  
w i th  a t h r e s h o l d  param ete r  sugges ted  in  § 5 . 4 .2 .  D i s c r e t i z e d  forms 
of d i s t r i b u t i o n s  f o r  T^ may a l s o  be in f o r m a t iv e  : e s t i m a t e d  p a r a m e te r s  
of  a d i s c r e t i z e d  Weibull  d i s t r i b u t i o n  could  be compared w i th  the
A /V
(A,c) o b ta in ed  in  p rev io u s  c h a p t e r s .  This  may prove to be p a r t i c u l a r l y  
u s e f u l  as a means of  d e a l in g  w i th  the excess  of  o b s e r v a t i o n s  f o r  
7 days in  the  d a t a  s e t ,  and j u d i c i o u s  p o o l in g  of the se  o b s e r v a t i o n s  
could a f f e c t  some of the  problems we have enco u n te red .  B a i l e y  (1956b) 
c o n s id e r s  a s i m i l a r  "smoothing" te chn ique  to  dea l  w i th  t h i s  same 
problem when he c a r r i e s  ou t  g o o d n e s s - o f - f i t  t e s t s  on a model a p p l i e d  
to  a s e t  of  d a t a  f o r  measles  in  f a m i l i e s  w i th  two s u s c e p t i b l e s .
Since the  d a t a  s e t  c o n ta in s  a number of  r e c o r d s  on f a m i l i e s  
w i th  two or  t h r e e  c o n t a c t s ,  i t  may be p o s s i b l e  to  ex tend  th e  model 
to dea l  w i th  l a r g e r  households  in  o r d e r  to use more of the  i n f o r m a t i o n  
a v a i l a b l e .  However, as we found in §2.4-, households  f o r  which the  
observed ( s . )  a r e  small  w i l l  s t i l l  y i e l d  l i t t l e  or  no in f o r m a t io ni  J
about the e f f e c t i v e n e s s  of p r e v e n t iv e  t r e a t m e n t .
At a more t h e o r e t i c a l  l e v e l  i t  may be p o s s i b l e  to examine a n a l y t i c a  
the shape of  the l i k e l i h o o d  f u n c t i o n  of  the  model.  In  Appendix B
we indicate the pragmatic approach taken to the problem of checking 
whether we have found local or global maxima of the log-1ikelihoods 
when fitting the models, but it may be possible to use the forms 
of the Lc.'s and their derivatives to investigate this more generally.
For instance, Olsen (1978) shows for the "Tobit" model used in economics 
that the likelihood function is globally concave and, hence, has 
a unique maximum, and Burridge (1982) considers the unimodality properties 
of likelihoods derived from grouped data.
The precision of the m.£.e.'s from the model fitting could 
be assessed using jackknife techniques rather than the sample information 
matrix. Miller (1974) reviews jackknife results up to the early 
1970's and in particular Brillinger (1964) indicates how the methods 
may be applied to set approximate confidence limits for m.£.e.’s.
The more recent bootstrap technique first proposed by Efron (1979) 
might also be used to assess the precision of the m.£.e.’s. Parr 
(1983) demonstrates that the jackknife and bootstrap are asymptotically 
equivalent, and Buckland (1983) investigates Monte Carlo methods 
for confidence interval estimation using the bootstrap. Both techniques 
typically involve much computation, but have the advantage that the 
variation in the estimates is assessed for the particular sample 
size of interest, and does not depend on asymptotic theory. It would 
be interesting to compare these confidence intervals with those obtained 
from the standard errors.
We may be tempted to feel disappointed at the apparent success 
of the simple model in view of the effort expended on the more complicated 
models of Chapter 5. However, we should perhaps keep in mind the 
observations of Becker (1979a), who comments that if a simple model 
does provide an adequate fit to some epidemic data, then it could 
easily prove to be more useful than a detailed, complex model which 
also provides an adequate fit, since the simplicity may help to clarify 
the important characteristics of the spread of disease.
6.2: RELATIONSHIP WITH PREVIOUS MODELS
The very general form of the model proposed in Chapter 2 makes 
no assumptions about the distributions of the underlying time periods, 
but we may investigate relations between this and the well-established 
stochastic models by proposing suitable sets of simplifying conditions. 
Since little work has hitherto appeared on models allowing for intervening 
preventive treatment, in practice we would only consider the expressions 
for the untreated Type I and Type III contacts. Alternatively, it 
may be possible to use the rough analogies drawn below to investigate 
how intervening treatment might be incorporated into existing models.
The simple "continuous-infection" type model (Bailey, 1950) 
assumes a zero latent period and an infectious period which is effectively 
infinite, since no removals are considered. Thus we have for all 
individuals
X = 0, Y =  co
and, since all susceptibles eventually become infected, this would 
be equivalent to considering only Type I contacts.
The general "continuous-infection" model again assumes a zero 
latent period, but now removal is assumed to occur as a Poisson process, 
thus we have
X = 0, Y 'v. NED(A) .
If removal may be interpreted as the isolation of infectives 
on the appearance of their recognisable symptoms, then we also have
Z 'v NED(A), since Z = X+Y
but otherwise no assumptions about the distribution of incubation 
periods are made. The distribution of resistance times is not explicitly 
considered.
The models of Gough (1977) and Anderson & Watson (1980) both 
envisage the latent and infectious periods as being composed of a 
number of independent exponentially distributed stages. Assuming 
I such stages, each distributed as NED(a), for the latent period, 
and m stages, each distributed as NED(y), for the infectious period, 
Anderson & Watson effectively consider
X ^ GGUct, 1,£),
Y ^ GG (my, 1, m) ,
using the notation of §4.3. The Markovian continuous time model discussed 
by Becker (1979a) is a rather simpler variation on the same theme, 
since it implicitly assumes that the durations of both the latent 
and infectious periods have independent exponential distributions.
All these models incorporate a "contact rate" or "infection 
rate". Conventionally, this is regarded as a constant value, which 
we may interpret as being equivalent to the assumption of equal 
susceptibilities of contacts (see §3,4.1). However Gart (1968,1972) 
considers models where the susceptibles are divided into two or more 
groups having different infection rates, and Gough (1977) considers 
more general variation in the infection rate by assuming that the 
probability of infection of a given susceptible by a given infective 
in a given infectious "stage" has a beta distribution. We might also 
consider preventive treatment as producing a modification of the infection 
rate.
The chain binomial models assume a latent period of constant 
length and very short infectious period, i.e.
X = c, Y = 6 
where c > 0, and 6 > 0 is very small.
Thus the concept of resistance time and the time element of 
treatment effectiveness are measured in discrete time for this type
of model : either the susceptible becomes infected almost immediately, 
or he remains uninfected until the next generation of infectives appears.
The Greenwood, Reed-Frost and Becker (1981a) chain binomial 
models are equivalent for households of two considered in our model.
All of them are based on a quantity p, which measures the chance 
of contact between a susceptible and an infective sufficient to produce 
a new infection. Early modelling attempts (Greenwood, 1931) regarded 
p as a constant value, which may be viewed as equivalent to the assumption 
of constant susceptibility of all contacts. However, later developments 
(Bailey 1953b, 1956a) allowed p to vary according to a beta distribution 
between households; clearly this is similar to allowing variation 
between contacts when we restrict attention to single-contact households.
It would also be interesting to fit chain binomial models where p 
is viewed as a function of covariates : that this has not previously 
been attempted suggests that suitable data have not been available.
A modified chain binomial model (Bailey 1956b, 1956c, Bailey 
& Alff-Steinberger, 1970) involves variable liatent periods and extended 
infectious periods. More specifically, we have
X 'v N(p,a2)
and, in households of two, we have a censored exponential resistance
time distribution i.e. using the notation of §2.1.5,
1-e Xt if t > 0,
G(t) =
0 if t ^ 0,
and the density of resistance time is given by
f,(t) =
0 if t < 0.
Since the probability of cross-infection, p, is given by
* ~Aa p = 1 - e
the early attempts at fitting this type of model essentially assume 
equal susceptibilities for all contacts. Bailey (1975, p.281) suggests 
that this condition may be relaxed by investigating the consequences 
of variation in the value of A i.e. variation in the infection 
rate.
Sugiyama (1961) proposes a chain binomial model which allows 
for infections from outside the household i.e. the double primary 
situation considered in §2.4. The probability p of adequate contact 
between two specified household members, and the probability it of 
an external infection, are regarded as constants, thus returning 
to the assumption of equal contact susceptibilities.
Gani (1969) and Gani & Jerwood (1971) consider how chain binomial 
models may be represented as Markov chains, and in particular they 
show how inoculation of remaining susceptibles, after an initial 
outbreak of infectiousness, may be represented. This may be regarded 
as being similar to our concept of preventive treatment. However, 
their definitions contain some ambiguities which are investigated 
further in §6.4.
Other, more empirical, models display some similarities to 
our model, either in the assumptions made about contact susceptibilities 
or the distributions assumed for the time periods. For example, 
the structured simulation model for immunization programs in communities 
developed by Elveback et al (1976) assumes that for every individual 
we have
X = Z
( c . f .  our assumption jj =  0 ) ,  the i n c u b a t io n  p e r io d  d i s t r i b u t i o n  r em a in in g  
a r b i t r a r y .  Contact  s u s c e p t i b i l i t y  i s  al lowed  to vary  among i n d i v i d u a l s  
and change in  time in  response  to immunizat ion ( s i m i l a r  to  our  m o d i f i c a t i o n
from to q^). The investigations of Becker (1979b, 1981b) into
the "infectious potential" of infected individuals assumes arbitrary 
distributions for the latent and infectious periods, allows infectivity 
to vary over time, and caters for different susceptibilities. However, 
these models are unsuitable for small households.
The model of Farewell (1977) may be regarded as a forerunner 
of our general model. He considers an exponential distribution for 
T, and a logistic form for the susceptibility. He does not, however, 
consider the effects of preventive treatment, finite periods of infectiousness 
or different incubation and latent period distributions.
6.3: MODELLING OTHER INFECTIOUS DISEASES
It would obviously be interesting to apply our model to infectious 
diseases other than whooping cough. In particular, given suitable 
data for some specific disease, we might wish to compare results 
(parameter estimates, quantities of .interest, etc) obtained using 
our model with those from other, "established", models. The infectious 
diseases which we may wish to investigate will be mainly either bacterial 
or virus infections. The characteristics of these two types of diseases 
are quite different, and will influence the particular assumptions 
to be imposed on the general model. , ,
Burnet and White (1972) observe that the slope indicating the 
disappearance of infectiousness is on the whole much steeper for 
virus diseases than for bacterial infections, the virus diseases 
probably compensating by liberating more infectious material during 
their brief infectious period. Sartwell (1966) also concludes that 
the variation in the length of incubation periods is much less for 
virus diseases than for bacterial infections.
It is therefore not surprising•that chain binomial models, 
which assume a constant incubation period and very short period of 
infectivity, have been fitted with some success to household data 
on measles, which is a virus disease (Greenwood, 1931; Bailey, 1953b, 
1956a). Abbey (1952) also fits the Reed-Frost chain binomial model 
to outbreaks of two other virus diseases, rubella and chickenpox.
Our model may also be applied to virus infections such as these.
The assumption
Z = £,
£ > 0, as for the simple model of Chapter 4, would seem to be appropriate 
(for measles we may have £ = 10; chickenpox £ = 14; rubella £ = 17),
and we might also propose a small constant value for and an
exponential distribution for T^. The assumptions of constant or
beta-distributed susceptibilities (§3.4.1, §3.4.2) would facilitate
comparisons of results with previous chain binomial fits, whilst 
covariates for the logistic form might include vaccination status 
and age of the contact. Since all these diseases are recognised 
as being highly infectious, we would hope to obtain fitted susceptibilities 
{p^} rather closer to 1 than those illustrated for whooping cough 
in Figure 4.7.
The assumptions which may be made about the distribution of 
the latent period X depend on how we define the symptoms of these 
diseases : all begin with a common cold-like catarrhal period, the 
typical rash and spots appearing one or two days later. The onset 
of infectiousness occurs during this prodromal period, hence if by 
"symptoms" we refer to these earlier signs of malaise, it would not 
be unreasonable to assume
Z = X,
exactly as we did for whooping cough.
Influenza and the common cold are also virus diseases, and 
we might wish to model these in a similar manner (Z = 2 days). Attempts 
to explain the spread of these infections using various models have 
been made by Lidwel'l & Sonunerville (1951), Heasman & Reid (1961),
Sugiyama (1961), Hammond & Tyrrell (1971), Becker (1980, 1981a, 1981b) 
and Schenzle (1982), amongst others. In particular, the results 
from Longini & Koopman (1982) should perhaps cause us to be wary 
when applying a model for household spread of disease to influenza, 
since they infer that this particular virus probably spreads more 
easily in the community.
The higb infectivity and short infectious period of these virus 
infections make our ability to deal with intervening preventive treatment 
of little interest. However, this facility may be rather more useful 
when dealing with bacterial infections, such as scarlet fever and, 
of course, whooping cough, when the period of infectiousness is more 
extended. .Antibiotics such as penicillin and erythromycin are often 
administered as preventive measures, since they reduce the need for 
isolation in intimate household exposure. It would be interesting 
to see the model applied to such diseases, possibly using assumptions 
similar to those of Chapters 4 and 5, to test the effectiveness of 
new antibiotics.
6.4: THE CHAIN BINOMIAL MODEL AND INOCULATION
Markov chain methods were first applied to chain binomial models 
by Gani (1969), in order to obtain probabilities for,the duration 
time and the total number of cases in an epidemic. The later developmcn 
by Gani & Jerwood (1971) dealt with the effects on these quantities 
produced by inoculation of susceptibles, a rather similar notion 
to our concept of preventive treatment. The numerical results produced 
for the Greenwood chain binomial model looked interesting, and further 
investigations were suggested : in the course of these calculations 
an ambiguity in the model has become apparent.
6.4.1. Markov chain methods for the Greenwood model.
We consider an initial population (typically a household) of 
n susceptibles, of whom Sq primaries (1 ^ s^ < n) become infective 
at time t = 0, thereby posing a threat to the r^ susceptibles 
(r + sQ = n). Taking the latent period of the disease as the discrete 
unit of time of the infection process, we define two random variables:
S = number of infected individuals just prior to time t who become 
infectious at t,
R = number of susceptibles remaining just prior to time :t, 
for t = 0,1,...,n,
If p is the probability of "adequate contact" between any two
household members (0 < p = 1-q < 1), then we have
r  ! s r
Xif-D I d  d  n  \ L fc+1 t + 1
^  t+1 rt+1 ■ t’ t-r * • • ’ 0^ “ r 's ! P q
t + 1 t+1
where s , = r - r ., 
t+1 t t+1*
and this clearly shows the Markovian nature of
Then, if = k, the transition probability matrix for the 
number of susceptibles may be shown to be
t+1
r = 0 
t
0
q
2pq
k . k-1 ,k, k-2 2
P kp q (2)p q
The process ends at time T when either R^ = (no infectives
We write
P =
or
H
II O (no susceptibles remain).
0 0 • • • • 0 1
P 0 . . . 0 q
2
P 2pq 0 0
2q
• • • > Q * •
k
P
i k-1 lcp q
,1c, k-2 2 - k-1 
(2)p q . . . .  kpq 0 kq
<
and M = [mQ,1^  ,m2, . . . ,111^ ]
where m^^ = mean number of cases in the epidemic when there are 
r^ initial susceptibles.
Then if
X =
10
X20 X21
Xk0 xkl xk,k-1 °
2  ^ k
= p + p + p + ... + p
we may obtain for this homogeneous case,
Q ( 6. 1)
The expressions obtained are easy to check analytically for the cases 
k = 2 and k = 3.
We now consider an expression for the mean number of cases 
in an epidemic when remaining susceptibles are inoculated directly 
after an initial outbreak of infectiousness in the household: this 
is equivalent to preventive treatment being given to all susceptibles 
at the time of infection of the first household secondaries.
Gani & Jerwood (1971) consider inoculation as equivalent to 
an increase in q = P(no contact with the infection). This varies 
from q = q^ at time t = 0, to some maximum value q  ^ > q^ after 
one latent period, and then there is a gradual decrease to q^ = q^ 
again. To compare once more with our new model, the increase in 
q may be viewed as equivalent to our decrease in susceptibility 
caused by preventive treatment, although we have not considered the 
subsequent decline in effectiveness of the treatment.
Thus the Greenwood model is now characterised by a non-homogeneous 
Markov chain, for which Gani & Jerwood define
q = P(no contact in (t,t+1)), (6.2)
and matrices P and Q above are simply adjusted to P^ and Q , 
obtained by substituting p^ and q for p and q.
M =
10
20 x.21
3x
30
2x
31
kxk0 (k‘1)xk1
k32
xk , k ~ i  0
Then if we define
r; = p0 =
R2 " P0P 1 =
^ = P0P1 ••• Pk-1 " {ri j (k)}>
we obtain an expression for the vector of means: 
r
M* =
m0
»*
k
I
i=1
0
2 r 2 0 ^  r 2 1 ^
k r k0 (i> k^~ ^ r k1 ^ k , l t - 1 (i) 0
1
qi
2
q.:
which may be compared with the time-homogeneous result (6.1) .
(6.3)
6.4.2. A comparison of results.
Gani and Jerwood present numerical results for the Greenwood 
model in which r^ = 20. They assume a gamma-type form for q :
qt = qQ + 2.71813(1-qQ)te C, t  = 0,1,2,...,20, (6.4)
so that = 1, and inoculation is considered to provide almost 
total protection against disease during the interval (1,2).
Thus we fix k = 20. The mean number of cases was obtained, 
using (6.1) for the homogeneous untreated chain, for various values 
of q ( ^ q ) between 0.01 and 0.99. The values obtained, shown in 
the second column of Table 6.1, are identical to those given by Gani 
and Jerwood, and they display the expected decline in the mean number 
of cases as the probability of no contact increases.
qo No i n o c u l a t i o n With I n o c u l a t i o n
our r e s u l t s G&J. r e s u l t s
0.01 20 .00 19.80 16.39
0.1 19.95 18.00 3.00
0.3 19.73 14.00 0.17
0.5 19.14 10.00 0.05
0.7 17.19 6 .0 0 0.07
0.9 6.81 2 .0 0 0.33
0.99 0.24 . 0 ,2 0  . . .  : 0 .17
Table 6 .1 :  Mean number of  cases
C a l c u l a t io n s  f o r  the  i n o c u la t e d  non-homogeneous ch a in  were 
then c a r r i e d  o u t .  Expres s ion  (6 .4 )  f o r  q ( t  = 0 , 1 , . . . , 2 0 )  was 
used to o b ta in  Pq,Qq, . . . >^2 0 *^2 0 * atlC^ t'^ie vect lor  nieans was the n  
given by ( 6 . 3 ) .  The r e s u l t s  f o r  v a r io u s  v a lu e s  of  q^, shown in  
the  t h i r d  column of Table 6 .1 ,  were found to  be very  d i f f e r e n t  from 
those  o r i g i n a l l y  quoted by Gani & Jerwood, which a re  reproduced  f o r  
comparison in  the f o u r t h  column.
The d i s c rep a n cy  i s  e a s i l y  e x p la in e d  when one c o n s id e r s  the  
d e f i n i t i o n  of  q given in  ( 6 . 2 ) .  We have
q^ = P(no c o n t a c t  in  ( 0 , 1 ) ) ,
q^ = P(no c o n t a c t  in  ( 1 , 2 ) ) ,
e t c .
However, the a c t u a l  i n s t a n t  of  i n f e c t i o u s n e s s  f o r  the  f i r s t  
g e n e ra t i o n  of  s e c o n d a r i e s  i s  a t  time t  = I , and i t  i s  no t  c l e a r  
from the  above d e f i n i t i o n  whether we should c o n s id e r  q~ o r  q „
to  be the a p p r o p r i a t e  p r o b a b i l i t y  of  no c o n t a c t  a t  t h i s  t ime .  S ince
q^ s 1 , w h i l s t  q^ may be sm al l ,  the  v e c t o r  of  means may be c o n s i d e r a b l y  
a f f e c t e d ,  and f u r t h e r  c a l c u l a t i o n s  r e v e a l e d  t h a t  t h i s  am bigu i ty  was 
in  f a c t  the cause of the  d i f f e r e n t  r e s u l t s  o b ta in e d  above.
If we assume that
q = P(no c o n t a c t  in  ( t , t + 1 j ) , (6 .5 )
then  we o b ta in  the r e s u l t s  of  Gani & Jerwood, whereas the  assumption
y i e l d s  our r e s u l t s .  We no te  a l s o  t h a t  ( 6 . 6 ) su g g e s t s  t h a t ,  s in c e
I • '
q.j = 1 , households  w i l l  have only  one g e n e r a t i o n  of  s e c o n d a r i e s ,  
so the  mean number of cases  i s  ob ta in ed  d i r e c t l y  as the  b inom ia l  
mean t qPq. I n c i d e n t a l l y ,  c a l c u l a t i o n  of e x p r e s s io n  (6 .3 )  w i th  
g iven  by ( 6 . 4 ) ,  which i s  p r e c i s e l y  the  s i t u a t i o n  c i t e d  by Gani & 
Jerwood,  y i e l d s  our r e s u l t s  and no t  those  g iven  in  the o r i g i n a l  pape 
and (6 . 6 ) i s  a l s o  i n t u i t i v e l y  more r e a s o n a b le  than  (6 .5 )  when th e  
u n d e r ly in g  con t inuous  gamma curve i s  c o n s id e r e d .  For the  simple 
cases  lc = 2, k = 3 the form of (6 .3 )  may q u i t e  e a s i l y  be v e r i f i e d  
a n a l y t i c a l l y .
6 . 4 . 3 .  Some conc lud ing  comments.
We have seen above t h a t  some d i s c re p a n c y  in  r e s u l t s  may be 
ex p la in ed  by the  ambiguity  in  (6 . 2) ,  where the  a r e  d e f in e d
everywhere except  f o r  the  d i s c r e t e  time p o i n t s  of  i n t e r e s t .  Gani 
& Jerwood a l s o  o r i g i n a l l y  de f ined
= number of s u s c e p t i b l e s  remaining at_ t ime t .
This d e f i n i t i o n  i s  d i f f i c u l t  to i n t e r p r e t ,  s in c e  i t  i s  n o t  
c l e a r  whether  or  no t  the  i n s t a n t a n e o u s  i n f e c t i o n  a t  t ime t  has  
taken  p l a c e .  In §6.4.1  we have t h e r e f o r e  r e v e r t e d  to  the  s t a n d a rd  
cha in  b inomia l  d e f i n i t i o n  (see  Bai ley  (1975),  p . 2 4 1 ) ,  which s u p p o r t s  
the equ a t io n
q t  = P(no c o n t a c t  in [ t , t + 1 ) ) ( 6 .6 )
These r a t h e r  s u b j e c t i v e  i n t e r p r e t a t i o n s  of  the  q u a n t i t i e s  sometimes 
r a t h e r  lo o s e ly  d e f ine d  by Gani & Jerwood make comparison of  the  two 
s e t s  of r e s u l t s  d i f f i c u l t ,  and u n d e r l i n e  the  n e c e s s i t y  f o r  p r e c i s e  
d e f i n i t i o n  when fo rm u la t in g  d i s c r e t e  time models f o r  i n f e c t i o u s  d i s e a s e s .  
I f  a more r i g i d  framework were proposed ,  i t  would be i n t e r e s t i n g  
to  c o n s id e r  d i f f e r e n t  forms f o r  q . The e x p re s s io n  (6 .4 )  e f f e c t i v e l y  
proposes  a t r e a tm e n t  which a f f o r d s  almost  t o t a l  p r o t e c t i o n  a g a i n s t  
d i s e a s e  ( s in c e  q^ = 1).  One could  a l s o  c o n s id e r  the  t h e o r e t i c a l  
e f f e c t  on the  mean number of cases  of  l e s s  e f f e c t i v e  t r e a t m e n t s :  
f o r  example, the  r e l a t i o n
, 2.71813 w  - t
qt  = q0 + ----- 2 ,
y i e l d s  a " h a l f - e f f e c t i v e "  t r e a t m e n t ,  s i n c e  q„-q = i ( 1 - q rt)'. I t1 o 0
may a l s o  be p o s s i b l e  to  r e p r e s e n t  t r e a t m e n t s  which a t t a i n  t h e i r  s p e c i f i e d  
maximum e f f e c t i v e n e s s  a t  d i f f e r e n t  r a t e s .
APPENDIX A : THE WHOOPING COUGH DATA
The d a t a  a v a i l a b l e  were c o l l e c t e d  o r i g i n a l l y  f o r  a s tudy  i n t o  
the  e f f e c t  of  whooping cough v a c c i n a t i o n  on the  s e v e r i t y  and d i s s e m i n a t i o n  
of  the  d i s e a s e .  This  survey  was c a r r i e d  ou t  i n  g e n e r a l  p r a c t i c e  
du r ing  the  w in te r  of  1979/80, a f t e r  r o u t i n e  r e c o r d i n g  p r a c t i c e s  of  
the  Royal Col lege of  Genera l  P r a c t i t i o n e r s  i n d i c a t e d  t h a t  a major  
epidemic of  whooping cough was p ro b a b le .
S i x t y - e i g h t  g e n e ra l  p r a c t i t i o n e r s  i n  th e  South-West Thames 
r e g io n  p a r t i c i p a t e d ,  and the  n e c e s s a r y  b a c t e r i o l o g i c a l  i n v e s t i g a t i o n s  
were under taken  by the  P u b l i c  H ea l th  L a b o r a t o r i e s  a t  T o o t in g ,  G u i ld fo rd  
and Epsom. C l i n i c a l l y - d i a g n o s e d  whooping cough c a s e s  were b a c t e r i o l o g i c a l l y  
conf irmed whenever p o s s i b l e ,  e s p e c i a l l y  in  the  m i ld e r  c a s e s  o f  d i s e a s e .  
D e t a i l s  of  p a t i e n t  s e l e c t i o n  and medica l  s u r v e i l l a n c e ,  as  w e l l  as  
the  a n a ly se s  and co n c lu s io n s  of  t h i s  su rvey ,  a r e  d e s c r ib e d  in  some 
d e t a i l  i n  Grob e t  a l  (1981) .
Each computer  l i n e  of  d a t a  r e c o r d s  in f o r m a t io n  about  two i n d i v i d u a l s :  
( i )  the  f i r s t  c h i l d  in  the  fam i ly  w i th  whooping cough,  c a l l e d  
the  i n d e x ,
( i i )  a  s i b l i n g  of  th e  index  c a s e ,  c a l l e d  t h e  c o n t a c t .
F i f t e e n  l i n e s  from the  d a t a  f i l e  a r e  rep roduced  i n  Table  A.
The fo l low ing  p ro v id e s  a key to  the  r e c o r d s  :
COLUMNS 1-6 : an a lphanumer ic  f am i ly  code which i d e n t i f i e s  th e
p a r t i c u l a r  househo ld .
COLUMN . 7 : the  a r e a  code T, G o r  E,  i d e n t i f y i n g  t h e  s i t e  o f
th e  b a c t e r i o l o g i c a l  i n v e s t i g a t i o n s .
COLUMNS 8-9 : a one-  or  t w o - l e t t e r  d o c to r  code which i d e n t i f i e s
the  g e n e ra l  p r a c t i t i o n e r .
COLUMNS 10-11 : a t w o - l e t t e r  nu r se  code which i d e n t i f i e s  t h e  n u r s e
who v i s i t e d  th e  f a m i ly  d u r in g  th e  p e r i o d  o f  s u r v e i l l a n c e .
COLUMN 13 : the  s o c i a l  c l a s s  of  th e  f am i ly  on the  u s u a l  s c a l e
of 1 to  7.
COLUMN 18-19 : th e  age of the  index a t  h i s / h e r  l a s t  b i r t h d a y ,
i n  y e a r s .
COLUMN 21 ; th e  v a c c i n a t i o n  s t a t u s  of  t h e  index .  The s c a l e
used  was:
0 f o r  no v a c c i n a t i o n ,
1 f o r  p a r t i a l  v a c c i n a t i o n  (one o r  two i n j e c t i o n s ) ,
2 f o r  f u l l  v a c c i n a t i o n  ( t h r e e  i n j e c t i o n s ) ,
3 f o r  f u l l  v a c c i n a t i o n  w i th  b o o s t e r .
COLUMN 23 : m e d ic in a l  t r e a tm e n t  g iven  to  the  index:
0 i n d i c a t e s  no t r e a tm e n t  g iven ,
1 i n d i c a t e s  the  a n t i b i o t i c  e ry th rom yc in  g iv e n .
COLUMNS 25-27 : the  l e n g th  of  i l l n e s s  o f  the  index ,  i n  days .
COLUMNS 29-30 : the  maximum number of  coughing spasms p e r . d a y  of
the  index .
COLUMNS 32-33 ; the  age of the c o n t a c t  and h i s / h e r  l a s t  b i r t h d a y ,
in  y e a r s .
COLUMN 35 : the  v a c c i n a t i o n  s t a t u s  o f  the  c o n t a c t ,  u s in g  t h e
same s c a l e  as t h a t  of  th e  index .
COLUMN 37 : p re v io u s  r e c o rd  o f  whooping cough in  t h e  c o n t a c t :
0 i n d i c a t e s  no p r e v io u s  r e c o r d  o f  whooping cough ,
1 i n d i c a t e s  a c o n t a c t  who has  p r e v i o u s l y  s u f f e r e d
from whooping cough.
COLUMNS 39-40 : the  number of  days from the  f i r s t  appea rance  o f
symptoms in  the  index to  p r e v e n t i v e  t r e a t m e n t  b e i n g  
given  to the c o n t a c t ,  ( d e f a u l t  va lu e  0 f o r  u n t r e a t e d  
c o n t a c t s ) .
COLUMNS 42-43 : the  p r e v e n t i v e  t r e a tm e n t  g iven  to  th e  c o n t a c t :
0 i n d i c a t e s  no p r e v e n t i v e  t r e a tm e n t  g iv e n ,
1 i n d i c a t e s  the  a n t i b i o t i c  e ry th rom yc in  g iv e n .
COLUMN 45 : th e  whooping cough ca t e g o ry  f o r  th e  c o n t a c t :
0 i n d i c a t e s  no d i s e a s e  observed ,
1 i n d i c a t e s  a b a c t e r i o l o g i c a l l y  conf irmed  
case  of  d i s e a s e .
COLUMNS 47-48 : the  number of  days from f i r s t  appea rance  o f  symptoms
in  the  index to  f i r s t  appea rance  of  symptoms in  th e  
c o n t a c t  ( d e f a u l t  v a lu e  99 f o r  u n i n f e c t e d  c o n t a c t s ) .  
COLUMNS 50-52 : the  l e n g th  of  i l l n e s s  of  the  c o n t a c t ,  i n  days
( d e f a u l t  v a lu e  - 1) ,
COLUMNS 54“55 : th e  maximum number of  coughing  spasms p e r  day of
th e  c o n t a c t  ( d e f a u l t  va lu e  ~ 1) .
Thus any r e c o rd s  c o n t a i n i n g  i d e n t i c a l  in f o r m a t io n  in  columns 
1 to  30 i n c l u s i v e  i n d i c a t e  t h a t  a given  f a m i ly  index has  more tha n  
one c o n t a c t  r e c o rd e d .  ■
The o r i g i n a l  d a t a  a l s o  c o n ta in e d  "p ro x im i ty  i n d i c a t o r s "  f o r  
the  i n d e x -c o n ta c t  p a i r s .  The v a lu e s  of  t h e s e  i n d i c a t o r s  depended 
on whether  the  p a i r s  s l e p t  in  the  same room, p la y ed  t o g e t h e r ,  e t c .  
Since  a number of  the  n u r s e s  m i s i n t e r p r e t e d  th e  i n fo rm a t io n  which 
was r e q u i r e d ,  t h e s e  i n d i c a t o r s  were ig n o re d .  ,
000004GSTGC 4 8 2 1 35 6 11 2 0 26 1 0 99 -1 -1
000061GW SS 1 6 2 1 71 6 6 2 0 15 1 0 99 -1 -1
0005Y1GW SS 6 3 2 1 22 12 4 2 0 0 0 0 99 -1 “ 1
0005Y1GW SS 6 3 2 1 22 12 1 0 0 14 1 0 99 -1 -1
00052YGG SS 1 5 2 1 44 12 8 2 0 0 0 0 99 “ 1 -1
000012GBHHW 5 4 1 1 32 5 0 0 0 0 0 1 28 13 8
000024GB SS 4 0 0 1 19 4 3 0 0 0 0 0 99 -1 -1
00022YGWHHW 2 3 0 1 20 24 0 2 0 0 0 0 99 -1 -1
000030GCGJG 5 4 0 0 31 20 1 0 0 0 0 1 .19 12 20
00001JGL HW 4 1 2 0 12 24 3 2 0 0 0 1 4 9 6
000FY5GW SS 7 8 3 1 20 12 9 3 0 0 0 0 99 -1 -1
000019GCGJG 1 0 0 1 34 20 2 2 0 0 0 1 3 31 20
000F3XGH SS 1 2 2 1 31 6 4 3 0 19 1 0 99 -1 -1
000007GR HW 1 5 2 0 55 6 3 2 0 0 0 1 20 35 2
000002GSTGC 7 8 3 1 85 12 11 3 0 76 1 0 99 -1 -1
TABLE A
APPENDIX B : COMPUTATIONAL NOTE.
When f i t t i n g  a p a r t i c u l a r  form of the  g e n e r a l  model,  we o b t a i n
the  l i k e l i h o o d  c o n t r i b u t i o n s  {L.} of  the  c o n t a c t s  r eco rd ed  in  th e1
d a t a .  W r i t ing
Z . = J lnL. ,  1 i*
the  o v e r a l l  l o g - 1 i k e l i h o o d  f o r  the  d a t a  i s  the n  g iven  by
Z = E Z . .  
c o n t a c t s
The f i r s t  and second d e r i v a t i v e s  of  th e  A . c . ' s  r e p o r t e d  in  
Appendix C may be combined to  produce th e  d e r i v a t i v e s  o f  Z w i th  
r e s p e c t  to  a pa ram ete r  v e c t o r  _0_ u s ing  the  r e l a t i o n s
v , 3L.dZ Z _1____ i
4JL c o n t a c t s  Li
32£ „ , 1  1 dLi , dLi . '
dGdO1 “ _ UL. d0d0'  T2 96 v90  c o n t a c t s  i  L . "l
For each p a r t i c u l a r  model,  a s u b r o u t in e  i s  w r i t t e n  which r e t u r n s  
t h i s  l o g - 1 i k e l i h o o d  and i t s  d e r i v a t i v e s  f o r  th e  s p e c i f i c  com bina t ion  
of  pa ra m e te r s .  This  in  t u r n  i s  used to  s e rv e  a program based  on 
the DFP a l g o r i t h m  f o r  f u n c t i o n  m in im iza t ion  ( F l e t c h e r  and P ow e l l ,
1963) which was a l s o  used by Crowder and Grob (1975) to  i n v e s t i g a t e  
a l e g i t  model f o r  i n f e c t i o u s  d i s e a s e s .  The a l g o r i t h m  has  been used  
s u c c e s s f u l l y  to  f i n d  minima of  g e n e ra l  f u n c t i o n s  of  l a r g e  numbers 
of  v a r i a b l e s  whose d e r i v a t i v e s  can be c a l c u l a t e d  q u i c k l y ,  and i t  
has demonst ra ted  a c c e p ta b l e  speeds of  convergence even when on ly  
poor approx im at ions  to the  s o l u t i o n  a r e  known.
Thus, we choose to  minimise -Z,  The p rocedure  i s  s p l i t  i n t o  
two s t a g e s .  The manual s t a g e  a l low s  the  p a ram e te r s  to  be v a r i e d
i n d i v i d u a l l y ,  the  l o g - 1 i k e l ih o o d  and i t s  g r a d i e n t s  be ing  r e t u r n e d  
each t ime .  So u s in g  a g r i d  of  param ete r  v a l u e s ,  the  l i k e l i h o o d  s u r f a c e  
may be exp lo red  in  o rd e r  to  f i n d  very  rough approx im at ions  to  th e  
m . £ . e . ’ s .  We may a l s o  examine the  s u r f a c e  f o r  l o c a l  and g l o b a l  minima.  
I n v e s t i g a t i o n s  f o r  the  models f i t t e d  in  Chap te rs  4 and 5 sugges ted  
t h a t  in  a l l  c ases  the  g lo b a l  minima had been found ,  a l th o u g h  t h i s  
was n o t  checked a n a l y t i c a l l y .  More g e n e r a l l y ,  i t  may be p o s s i b l e  
to  use  an a n a l y t i c a l  approach s i m i l a r  to  t h a t  o f  Olsen (1978) f o r  
th e  " T o b i t fl model (Tobin,  1958) in  o rd e r  to  i n v e s t i g a t e  whether  th e  
l i k e l i h o o d  f u n c t i o n  has a s i n g l e  minimum.
The rough minimum from t h i s  manual f i t  i s  then  used as  a s t a r t i n g  
p o i n t  f o r  the  i t e r a t i v e  s t a g e .  I t e r a t i o n s  cease  when th e  g r a d i e n t s
and s t e p  l e n g th s  a r e  b o th  l e s s  than a u s e r - p r e s c r i b e d  acc u racy  (v a lu e s
-3 -2 .of  10 and 10 r e s p e c t i v e l y  were used m  f i t t i n g  the  models of
Chapters  4 and 5 ) ,  and when a t  l e a s t  n ( the  number of  p a r a m e te r s )
i t e r a t i o n s  have been worked th rough .  The sample in f o r m a t io n  m a t r i x
i s  then  c a l c u l a t e d  and i n v e r t e d .
In  e a r l i e r  r u n s ,  the  i t e r a t i v e  s t a g e  was s t a r t e d  w i th  s e v e r a l  
i n i t i a l  t r i a l  pa ram ete r  v e c t o r s ,  b u t  each led  to  th e  same s o l u t i o n  
in  every c a s e .  Convergence was g e n e r a l l y  smooth and f a i r l y  r a p i d ,  
the  s o l u t i o n  be ing  reached  u s u a l l y  a f t e r  about  15 i t e r a t i o n s  and 
120 to  150 f u n c t i o n  e v a l u a t i o n s .
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Chapter  4, Model A.
We have t  = s -£ ;  q^ = ap^
The f i r s t  d e r i v a t i v e s  of the £ . c . f s a r e :
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Chapter  4, Model B.
*We have q. = [1+exp-(  E X. .0 .+0~)] -  .
1 j =0 J J
D e r iv a t i v e s  of  L^., as  f o r  Model A (bu t  s u b s t i t u t e  0^ f o r  a ) .
The f i r s t  d e r i v a t i v e s  of L-j-p a r e :
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Chapter  5., Uniform Model .
q. as  f o r  Model B.l
D e r iv a t iv e s  of  L-q -j- a re  as f ° r  Model A and of  as  f o r  Model B
( s u b s t i t u t e  33 f o r  a in  Model A r e s u l t s ) .
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Chapter  5, Trapezium Model.
q. as  f o r  Model B.i
D e r iv a t i v e s  of  a re  as For Model A and of  as  f o r  Model B
( s u b s t i t u t e  f o r  a in  Model A r e s u l t s ) .
f ^ (*) and F ^ ( - )  and d e r i v a t i v e s  as in  d e f i n i t i o n s ,  b u t  w i th  c o n s t r a i n t  
c = 1.
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d„ = -----------------    , d0 =
1 2 ’  2 2 
The f i r s t  d e r i v a t i v e s  of L^ . a r e  :
8LI 9Lr-r-r- = 0  f o r  a l l  v a lues  of s ; -r—  = p ! . f  ( s )  , j  = 0 , 1 , 2 ,  where f  (s )
d p .  d p .  I J  J  j ^ J
i s  g iven  by ( 5 . 7 ) ;
Pi [F 1 ( s - a 2)+AFA(s - a 2) 3 / d r  i f  a ^ s ^ ,
Pi [{F1 ( s - a 1) - F 1 ( s - a 2 )}+A {F^(s -a1) - F A( s - a 2 ) } ] / d 1 , i f  a ^ s ^ b ^
-  = ~ ' " 3 A  = ^ Pi [{(t>2“b 1) (F1 ( s - a ^ - l ^  ( s - a 2) )  + ( a 1- a 2) F 1 ( s - b ^
+A{ (b2 —b j ) ( F ^ ( s - a 1 ) - F ^ ( s - a 2))  + ( a . j - a2 )F ^ ( s -b  1) }]/d2, i f  b^<s^b2
Pf[{ (b2- b 1) (F 1( s - a i ) - F ^ ( s - a 2 ))  + ( a 1~a2) ( F 1( s - b ^ - F j ( s - b 2 ) )  }
+A{ (b2~b1) ( F ^ ( s - a 1) - F A( s - a 2))  + (a.j- a 2) (F^ ( s -b   ^)-F^(s-b2) )}]/d2
i. i f  s>b2 ;
P i 3 f3 (s)
3A
and the  second d e r i v a t i v e s  of  L :
a \
33~3g~ = P i i k f 3^s ^» ^ , k * = 0 , 1 , 2  where f 3 ^s ) : ls 2lven  by ( 5 . 7 ) ;  
j k
2 2 2 3 L  3 L  3 L
= 0 ;
3g3 aej 3e33A 3B2
32L 3 f3 (s )  3 f 3 (s)
3 0 1  = Pi j  ~ 3 X ~  ’ j  = ° ’ 1’ 2 Wher£ — 3 T ~  iS g iven  i n  the
3LIe x p re s s io n  f o r  —— above;o A
“P i  t ( s —a 2) ( s —a 2 ) 3/d  1 , i f  a ^ s ^ ,
P i [2{Fx ( s - a 1) - F x ( s - a 2)}+X{FAX( s - a 1) - F x x ( s - a 2) } ] / d 1, 
i f  a ^ s ^ b  ^,
32Li  92f 3 (s)  j p | [ 2 { (b2~b j ) (F^Cs-a j ) - F x ( s - a 2))  + ( a 1- a 9)Fx ( s - b ( )}
~2 ~ Fi  2 ^
3A DA /  +A{ (b2*-b  ^) (Fxx (s-*a^ ) - F xx ( s - a 2 ) )  + (a ,j-a2 )Fxx ( s -b   ^) } ] / d 2 ,
i f  b 1<s^b2 ,
Pi[2{ (b2~ b1) (Fx ( s - a 1 ) - F x ( s - a 2.)) + (a . j - a2) (Fx ( s - b  1 ) - F x ( s - b 2) ) } 
+A{ (b?- b 1) (1?^ ^ ( s _ a 1 ) - Fx x ( s - a 2 ))  + ( a l - a 2 )(Fxx(s-b1) -F^(s -b2))}]/d2 ,
i f  s>b2 .
(s>b2 ,u < s -b 2) :
D e r iv a t iv e s  as f o r  L^ . (case s>b2) above,  r e p l a c i n g  p^ and 
d e r i v a t i v e s  by q^ and d e r i v a t i v e s ,  when n o n -z e ro .  In a d d i t i o n ,  d e r i v a t i v e s  
w . r . t .  3^ a re  :
2 2 3L 3 L 3 L
33. = qi3f3(s); 33 33- = qij3f 3 ^» j = 0 >1>2> 2 = qi 33f 3 <‘S'>
J d j 33^
where ^ ( s )  takes  the form f o r  s > b2 in  (5 .7 )
32Ltt 3 f . ( s )  3f (s)  dl_ .I I  , J J . 1 1
33r~3A ~ q i3 — 3A—  where — ——  i s  g iven  m  the  e x p r e s s io n s  f o r  y y -  .
3L
— ^  = [Aq!  ^ (b2“b 1) (F^ ( s - a 1) - F l ( s - a 2 ) )+A ( a . ^ )  ( q ! ^  ( s -b  1 ) - p j ^  ( s - b 2))  
+ (ci1~a2) (b2-s+u) ( 1- F 1 ( u ) ) ( q j j “P | j ) ^ ( a 1" a 2) ( q |  . - p ^ ) F 1 (u) ] / d2 » j= 0 ,
9L
11 = q '  [A(b0- b 1) ( F 1( s - a 1) - F 1 ( s - a 0 ) )+ X (a1~a0) (F 1 ( s - b J - F . ,  (u ) )
3 3 3  H 3 L v 2 “ 1'  2 "  'v w 1 r  I
+ ( a 1 ~ a 2 ) ( b 2 ~ s + u ) ( 1- F ^ ( u ) ) ] / d 2 ;
9LI I
- y y -  = [Aqi (b 2~ b 1> (Fx ( s - a 1) - F x ( s - a 2 ) ) + X ( a 1- a 2 ) ( q ^ F ^ s - b j  ^ p j F ^ s - b ^ )  
- ( a 1 ~ a 2 ) ( b 2 ~ s + A + u ) ( q i “ P i ) F x ( u ) + q ^ ( b 2 ~ b ^ ) ( F ^ ( s - a ^ ) - F ^ ( s - a 2 ) )
+ ( a J]- a 2 ) ( q i F^ ( s - b l ) - p i F 1 ( s - b 2 ) - ( a 1 - a 2 ) ( q i ~ p i ) F 1 ( u ) ] / d 2 ;
9*"°II 9kI I  :aS - y -  . r e p l a c i n g  p ! .  by PVjk> q ! .  by qVjk> j , k - 0, 1
2
8 L^ . .^ 9 L ^
3 8 ^ 1 7  : as  3B—  . r e p l a c i n g  q ! 3 by qV j =  0 , 1 , 2 ;
J 3  3
32Lxi
a s , r e p l a c i n g  q£ by q '  p i  by p '8 3 j 3A 3A ’ 3. ^  ^ i  j  * * i  wjr * i j
3
T T r  : as  “ 337 ’ r e P l a c in 8 qi3  by q i 3 3 ;
3
32l h
38^31 = q ! 3 [ ( b 2- l>l ) (P l ( 9" a ) ) _ r 1 ( a - a 2 )+AFx ( s - a 1) - W x (8- a 2 ))
+ ( a l - a 2 ) ( F 1 ( s - b 1)-F(u)+AFx ( s - b 1) ) - ( a  - a 2 ) ( b 2-s+A+u)Fx ( u ) ] / d 2 ;
^ i i
 2~ = [q i (t>2- b 1) { 2 (FA( s - a l ) - F x ( s - a 2 ))+A(Fx x ( s - a 1) - F x x ( s - a 2 ))  }
3 A
+ (a1-a2){q.(2Fx(s-b1)+AFxx(s-b1) ) - p i (2Fx(s-b2)+AFxx(s-b2))}
-  ( a ^ - a ^  (q^“P£) (2Fx (u) + (b2-s+A+u)Fxx (u) } ] / d 2 ;
Lxx (s>b2,s-b ,j^ u^s-a^)_:
3L
——  = [Aq|- (b2“b 1) (F1 ( s - a l ) -F1 (s-a2))+Apj • ( a ^ a ^  (1  ^( s -b^-F^ (s-b2>) 
j 1J ' '
+ (a (-a2) (b2- b 1) ( q ^ - p ^  ) ( (u)) ] /d2 ; j = 0 ,1 ,2 ;
9LU
33—  = ci i3 ^ ^ b2- b p  ^F 1 (s“a | ) -1?i (s-a2)) + (a1“a2) O^-b-j) < 1 —F^  (u<)) 3/d2 ; 
3LII = [q. (b0- b 1) (F, (s-a )-F. (s-a0))+p. (a -a~)  (F, (s-b ,) -F ,  (s-b0))3A L%* i v 2 “ 2 "  * i ^ 1  « 2 / v x r  U V  r  2 '
+ Aqi (b2- b 1) ( F ^ ( s - a l ) - F ^ ( s - a 2 ))+Api ( a 1~a2 ) ( F ^ ( s - b 1) - F ^ ( s - b 2>)
- (a.j-ap (b2~b1) (qi~pi)F^(u) ]/d2 ;
2  2  2  2  
3 L 3 L 3 L XI 3 L
V.7 T 0   > n7r~^ 7T~ j 'XT *  T~ obtained from first derivatives usingciej 3Sk  3(3.33 3  0B. 3A ^ 2
replacements as for case (s-b9Su<s—b ^ ) ;
P 2 
3 L
33~3A = q i3[(b2_bi )(F1(s"a l )"F | (s"a2) ) '<'A(b2“b 1)(FA(s"a 1)“FA(s' a2))
-  ( a 1~a2 ) ( b 2~b1) F ^ ( u ) ] / d 2 ;
= [2q;. (b?- b 1) (F ^(s -a . )) - F x ( s - a 2 ) ) + 2p x ( a ^ - a 2 ) (F^(s -b  1 ) -F^ (s~b2 ) ) 
+ Aqi (b2- b 1) (l 'AA( s - a 1) “ FAA( s - a 2 ))+Api ( a l - a 2 ) (FAA(s-b  -j )~^AA( s "b 2) )
-  U ^ - a p ^ - b p t q . - p p F ^ C u ) ] ^ .
■ Kd LI]t
3A
Lj j  (s>b2, s<a <u^s-a2)
3LII
3^ —  = £ APi j |~a 2  ^^F | ^s “b 1) “ F | ( s - b 2 ))+A(b2- b 1) ( p ! . F 1 ( s - a ^ - q !  ^  ( s - a 2>)
+ P^i j _qi ^ b2~b |) (a2“‘s Kl^ 1“Fi (»)) -A(p^~q | j )  (b2~b.J)F1 (u ) ] /d2>
j = 0 ,1 ,2 ;
3LII
y —— = q | 3 [ A (b2~b j ) F^ j (u)“F1 (s-a.p )--(b2~b 1) (a2~s+u) (1 —F ^  (u)) J / d 2 ;
BLI I- j — = [Api ( a 1~a2) (F^(s -b  .j)"F^ ( s - b 2 ))+A(b2~b^) (p^F^ ( s - a  () - q i F^ ( s - a 2 ) )
-  ( p ^ - q ^ )  ( b 2 “ b j )  ( a 2 - s - i - u + A ) F ^ ( u ) + p ^ ( a . j ~ a 2 ) (F^ ( s - b ^ - F ^  ( s - b 2 ) )
+ (b2~b1) (pi F 1 ( s - a 1) - q i F.( ( s - a 2) ) - ( p i ~qi ) (b2~b1)F.( (u) ] / d 2 ;
82Lj i  32Li:[ 32 l xj  ^ x x
r 0-7 r "  , --7;~ ■ , 1 ■■ ' . , ----- — o b ta in e d  from f i r s t  d e r i v a t i v e s  u s ing
d p . d p .  d b - d P o  d p . d A  IJ K- J J J d
rep lacem en ts  as f o r  case ( s - b 2^u<s-b^) ;
D2Ln
833DA qi 3 Cb2“b 1) t F l ( u ) F 1^S a 2 ‘) AFA^S a 2') + ^ a 2 s+u+^ Fx ^d 2 ’
32L h  .
— j -  = [ p . ( a 1- a 2 ){ 2 (F x ( s - b 1) - F x ( s - b 2 ))+X(Fu ( s - b 1) - F u ( s - b 2) ) }
o A
+ 2 (b2- b l ) ( p i Fx ( s - a 1) - q i Fx ( s - a 2 ))+X(b2 - b 1) ( p i Fu ( s - a 1) - q . F u ( s - a 2 ) )
-  (Px_qx) (b2~b. | ){2FA(u) + (a2- s + u + A ) F ^ ( u ) } ] / d 2 .
L^x ( s >bp ,u>s--a2 ) :
D e r iv a t iv e s  as f o r  (case s>b2) above.
Chapter  5, Exponen t ia l  Model .
q. as f o r  Model B.
D e r iv a t iv e s  of a re  as f o r  Model A and of  as  f o r  Model B
( s u b s t i t u t e  f ° r  a i-n Model A r e s u l t s ) .
f ^ (> )  and F ^ ( 0  and d e r i v a t i v e s  as in  d e f i n i t i o n s ,  b u t  w i th  c o n s t r a i n t  
c = 1 .
We w r i t e  s = .s-XY. hi  u = X -^ 2. s > = s-,5 and assume y f- A.A yA A yA * 1
_s_' _ s '
DL p q a e  Y -e  * ) DL
-1  : T iT  = CFX) ’ j = 0 . 1 , 2 ; 3g -  = 0 ;
J d
_ s ’ _S> _ s '
T v  q * v  ^  1 \  d L . _  p  . 2  2
[e Y -{1 + — I  -  T  }e J ; -r— - =  T- T [e Y ( s ’y -s 1 A-y )+y e J3A f , >. 2 L L‘ ,2  A J ’ 3y , ,v2 2(y-A) A (y-A) y
>>
\ w
32L p'.' . ( e Y- e X) 32L 32L 32L 32L L_ „ J-Jk  . , ni ,  . X =  I  =  I =  1, j , k  0 1 , 2 , ,  CX-VCiQ CWXQ 0 ,
33j30k (y -A) ’ j ’ ’ ’ 33^3^3 3A333 3y333 ap2
- 1
32L p ! .  - -  , ,
I  -  U.._ [e Y _ ( 1 + £ Y  s )fi Aj
3 3 . 3A . , v2 L 1 ,2  Aj (y-A) A
3 2 L  o '
I  i j  r Y r . w 2 1( 2 A n  =     [e { s ' y - s  A-y }+y e J
j  = 0 , 1 , 2 ;
9 3 . 3y , ,2  2J (y-A) y
s s
3 L t p.  o / - Y  A N A ,I _ * i  i-2(e -e  ) se f f s '  0 . , y  n
"  x  1  ’
~2 _ _s.' _ s '
 I  =  i  [ e  Y { s ' y - s ' A - ? y 2 } + y 2 e ^ { 2 -  —+ — ' } ] *
3A3y 2 ,  . J  1 8  Y A “ Y / y  6  tZ A . 2 ■* ’
y ( y - A )  A
3 2 L t p . „ - f  - -  ( 2
3y2 , , \ 3  3(y-A) y
 -----  [ - 2 y 2e  ^ +(y-A)e Y ( s ' 2- - — -  -  2y2) -2  (2y-A) (s ' y - s '' A-y2)e Y ]
s
3L y - u  - u .  ~s
LI I  : 33“  = OpA) [p i j {l_e }+qi j te  " e j = ° > l »2;
i
3LI I  q i 3 e Y r _UA " SAl 
3S3 ~ (Y-X) U  6 J>
s '3L —  -u .  -u  - s  - u  - s
- = e Y [ 9 (p • ( 1~e )+q. (e - e  )} + ---------- ^ - ( u ( q . - p . ) e  - s q . e  } ] ;
3A (y-X) 2 1 1 (y-X)X 1 1 1
3^ I I  _ e Y [ s 1 y - s ' X-y2) {p^ ( 1-e ^ )+q^(e  ^ - e  } + (y-X) { ( p . - q ^ ) u e  ^+sq^e
- u ,  - S 4 - U . “ S
3y , , y 2 2(y-A) y
92LI I  e
93j 33k
_s
(7-TT [P'ijk( , - a “^ i V 0 V e  V  j - k '  °>, -2:
32LI I
S3 - 33^ J 3
q " . . 0e Y ~u - s  
— (e ~e A);(y-A)
32L
33j  3A
I I  y , —  = e [-
(y-A)
—u . “U “ S
2*{p ' • • ( ^~e ) +cl M e " e ^ ^ X J *• J
1 " U A " S A
+ ---------- 7y ( u ( q ! . -p!  . )e - sq !  .e }]I  n i j  i j  J(y-A)A iJ
32L
_s_'
y  y  —»i |  — g
e [ ( s IY-s'A-Y2 ){p! - d - e  V q M e  A-e  A)}1 J 1 133 • 3y t , \^j (y-A) y a-J
j  = 0 , 1 , 2 ;
—u - s
+ (y -A){ ( p ! . - q ! . )ue + s q ! . e  }];  
1J i j  l j
I S l I  = e Y q] J - J _ ( e ^ - e  ^ )  4--------1—T (ue ^ - s e  &A) ] ;
3 A 3 3 - ,i3V *)2 (y-A) A'
32L
33
- 1
M  -  e Y " ( ” UA_ _SAy
2 “ (y-A) q i33 8
32L.
" SA " V
* j ""11 • “ s
37#  = _^ -------2 A- c  A)+(y-A) ( se  fl- u e  A) ] ;
3 y (y-A)
32LI I  _ y r 2 - u . - s
3A" (y-A)
( p ^ ( 1 - e  " ) + q ^ ( e  A- e  A) } + 3 { u ( q ^ - p ^ ) e  A- s q ^ e
•u j. - s
(y-A) A’
1 r 2 ,  \ " UA 2 “ SAll+ ------------ ( u (q - p ) e - s  q . e  }] ;
(y-A)A i  i
— - — T T ^ P i - ^ 1_e A) +<l p e A- e  A) } { s ' ( s ' - 2 y ) ( y - A )  
(y- a) y
_ s 1^
y -u  - s
 - T 7  t ( p . ; - q j ) u e  +sq .e }{2s ' (y~A)+2y(A-2y)}
(y- a) Y ,
APPENDIX D : ASYMPTOTIC NORMALITY OF THE ESTIMATES
For any p a r t i c u l a r  form of the  model,  the  o v e r a l l  l i k e l i h o o d  
f o r  the  d a t a  s e t  i s  c o n s t r u c t e d  from the  i n d i v i d u a l  c o n t r i b u t i o n s  
L j ,  and k jy  p e r t a i n i n g  to the  fo u r  d i f f e r e n t  types  of
c o n t a c t s .  Thus the  o b s e r v a t i o n s  on which the  maximum l i k e l i h o o d  
e s t i m a t e s  ( m . f . e . ' s )  a r e  based  a re  inde penden t ,  b u t  no t  i d e n t i c a l l y  
d i s t r i b u t e d  ( i . n . i . d . ) .
Asymptotic  p r o p e r t i e s  of  the  m . J t . e . ' s  when the  o b s e r v a t i o n s  
a re  independent  i d e n t i c a l l y  d i s t r i b u t e d  ( i . i . d . )  a r e  w e l l - e s t a b l i s h e d ,  
the e s t i m a t e s  be ing  c o n s i s t e n t  and a s y m p t o t i c a l l y  normal ly  d i s t r i b u t e d  
under some mild  r e g u l a r i t y  c o n d i t i o n s .  However, Hoadley (1971) c o n s i d e r s  
an i . n . i . d .  case  which in  many ways i s  s i m i l a r  to  o u r s ,  and he g iv e s  
s e t s  of  c o n d i t i o n s ,  implying c o n s i s t e n c y  and a sym pto t ic  n o r m a l i t y  
of the  e s t i m a t e s ,  which may be a p p l i e d  to  our  f . c . ' s .  These c o n d i t i o n s  
have been checked f o r  the  simple and e x p o n e n t i a l  mode ls ,  b o th  of  
which have dem onst ra ted  r e a s o n a b le  f i t s  to  th e  d a t a  in  C hap te r s  4 
and 5. We t h e r e f o r e  s t a t e  the c o n d i t i o n s  below, and i n d i c a t e  where 
a p p r o p r i a t e  some d e t a i l s  of  the  p roof  f o r  the  simple model .  We use  
the  fo l lo w in g  n o t a t i o n  :
0 (3q , 3^ ,32>3;3>^>c )
<
Li 2 (£) = i f  s i  < u i  <
g ( s i | 0 , u i )
i f  s . = ool u .i
00
where i  = c o n s t a n t  l e n g th  of i n c u b a t io n  p e r i o d  ( f>0 , see §4 . 1 . 2 ) ,
q. -  ( 1+exp(-  ^ i n Bn" e3) r 1 ’
n=0
W
f3 ( s i> =
1- e ' (u i /A)C u.  6 0 ,
1  *
0 e l sew here ,
t . c
c t ?  e X 
— - ---------------- i f  t .  = s .-J t>0 .C 1 1 *
A
0 i f  t . = s . - £ ^ 0 .
i  l
g ( ' )  i s  a l s o  c l e a r l y  c o n d i t i o n a l  on the c o v a r i a t e s .  We s h a l l  assume 
t h a t  the  c o v a r i a t e s  a re  bounded, and have an e m p i r i c a l  d i s t r i b u t i o n  
f u n c t i o n  which converges  to  some d i s t r i b u t i o n  f u n c t i o n .  S i m i l a r l y ,  
we assume t h a t  the  e m p i r i c a l  d i s t r i b u t i o n  of  the  {u^} tends  to  
some d i s t r i b u t i o n  on [0 ,°°].
Thus } ( j = 1 , 2 ,3 , 4 )  r e p r e s e n t s  the  £ . c .  ' s  f o r  the  f o u r
types  of c o n t a c t s  f o r  the  simple Model B of  Chapter  4.  r e p r e s e n t s
the ( s h i f t e d )  Weibull  d e n s i t y  used to  r e p r e s e n t  the  t ime between
the  appearance  of  symptoms in  the  p r im ary  and secondary  of  household
i  ( c o n d i t i o n a l  on b o th  be ing  i n f e c t e d ) .  We denote  t h e  log  l i k e l i h o o d
c o n t r i b u t i o n s  by {&. .} ,  i . e .  L  . s  to  L . . .  j  = 1* 2 ,3 ,4 .i j  i j  i j  ,
Condi t ions  f o r  C o n s i s t e n c y .
6C1: The paramete r  space i s  a c lo se d  s u b s e t  of  [R .
For our model,  we may assume t h a t  the  o v e r a l l  l i k e l i h o o d
n
L = II g ( s . |_6 , u . )
i= i  :
i s  maximised over a c l o s e d  subset  Q which may be d e f in e d  by
c e [ e2 ,M2 
fo r  A, M^, M2 < °°, e^,  z^ > 0.
Also,  the c o v a r i a t e s  may be r ega rded  as be ing  bounded ( f o r  
th e  whooping cough d a t a ,  a l l  were n o n - n e g a t i v e ,  i n t e g e r - v a l u e d ) .
T here fo re  we can f i n d  K1, K2 independent  of  the  c o v a r i a t e  and pa ram e te r  
v a lu e s  such t h a t
- l y i  Hill IIX. II Hill
0 < K1 £ e ^ e £ e K2 < « .;
( t h i s  fo l low s  s in c e  ( x ' 3 ) ^  = ( II x|| II 3 II ) •
Thus
0 < 1+K2 ~ p i  5 1+K1 < 1»
i . e .  each i n d i v i d u a l ' s  s u s c e p t i b i l i t y  i s  bounded u n i fo rm ly  away 
from 0 and 1 .
C2: Each of  the  l i k e l i h o o d  c o n t r i b u t i o n s  i s  an upper  sem icon t inuous
f u n c t i o n  of  _0 .
Since a l l  f u n c t i o n s  invo lved  in  the  d e f i n i t i o n  o f  g(* )  a r e  
con t inuous  in  J9, t h i s  c o n d i t i o n  i s  c l e a r l y  s a t i s f i e d .
C31: In o rd e r  to s a t i s f y  H oad ley 's  c o n d i t i o n  C31, i t  i s  s u f f i c i e n t
to  show t h a t ,  i f  0^  i s  the t r u e  pa ram ete r  v e c t o r ,  then  th e  second 
moment of
' g ( s . | 0 , u . ) ‘ '
sup n ■ 1£n
e v a lu a te d  a t  _0q,  must be bounded V 6 0 .
This  in t u r n  w i l l  be s a t i s f i e d  i f  we can show t h a t
/L..(e)\
Ri j ( £ . V  = t o VL. (S^V < K* < “ • 6 8 > j  “ 1 > 2 ,3 ,4 ,
i . e .  the  r a t i o  i s  f i n i t e  and bounded f o r  each of  the { L . . } ,  s in c e
13
then  the  r e q u i r e d  expec ted  v a lues  w i l l  a l s o  be f i n i t e  and bounded.
We i n v e s t i g a t e  t h i s  c o n d i t i o n  f o r  each of  the  £ . c . ' s  in  t u r n .  
For Type I I I  c o n t a c t s  ( ^ 3 ) t ^ e c o n d i t i o n  i s  s a t i s f i e d  im media te ly  
by r e s u l t  D1. For Type IV c o n t a c t s  we have
R.y (9 ,0n) = 14 — —0
1“Pi F l (ui ) - q i ( 1- F l ( u . ) )
l-1"po i Fo i <ui ) " qo i ( 1“F o i (u i ) ) -
u s ing  an obvious n o t a t i o n  f o r  th e  va lu e  of  a t  _0^. When
Pi > q^ ( 32<0 ) ,  then  the  numera to r  s a t i s f i e s
1-pi F 1 (ui ) - q i ( 1 - F 1(ui ) ) ^ 1 - p i F1 (ui >-pi (1~F1( u ^ )  -  . 1 -p^CjX) ,
and
1" Pi F 1 (u i ) " q i ( 1" F 1 (u i ))  = 1" q i F 1 (ui ) " q i ( 1“F 1 (u i ) )  = '1“ cl i - c 2<1> 
s in c e  a s i m i l a r  r e s u l t  to  D1 may be o b ta in e d  f o r  q^.
S i m i l a r l y ,  the  denominator  may be shown to  be bounded u n i fo rm ly  
away from 0 and 1 , and thus  R^(§ .>0.q) i s  seen to  be f i n i t e  and 
bounded (a s i m i l a r  r e s u l t  can be proved f o r  3^ 0 ) •
t'
For and we a re  r e q u i r e d  to  show th e  boundedness
of i n t e g r a l s  of the  form
b
j  | Jlnt | qt Pf  ( t ) d t  
a
where p and q a re  bounded,
0 ^ a < b ^
f ( t )  i s  the  Weibull  d e n s i t y  f u n c t i o n .
For a > 0 t h i s  i s  no problem, s in ce
| £nt  | < | Zna | < «> a < t  < 1, 
and | £ n t |  < t  t  £ 1 ,
and a l l  moments of  the Weibull  d i s t r i b u t i o n  e x i s t .  For the  ca s e  
a = 0 we may assume w . £ . o .g .  t h a t  b = 1, and we o b t a i n
“ (I )C
by substituting for the Weibull density and observing that e ^ 1
Then us ing  the  t r a n s f o r m a t io n s  
y = £n t , 
x = “ (q+c)y 
in  tu rn ,we  o b t a i n
I | t o t | p t qf ( t ) d c  < — S l l E t i L
0 Xc (q+c ) p+l
which i s  f i n i t e  and bounded by the  d e f i n i t i o n  of  0 in  C l .
C41 r e l a t e s  to the  unique maxim isa t ion  of  L over 0 f o r  l a r g e  
sample s i z e  n.
C4' ( i )  r e q u i r e s  t h a t
- 1l ira n £ Eg
n-*<» i =1
£n
'g ( s i |_0 , u i )
fi(Si H 0 ,Ui )
< 0 , 6 £ - 0 *
I f  the c o v a r i a t e s  a r e  no t  c o l l i n e a r ,  then  th e  model i s  i d e n t i f i a b l e  
t h i s  fo l low s  e s s e n t i a l l y  from the i d e n t i f i a b i l i t y  of th e  Weibull  
and l o g i s t i c  forms in  the  • Using t h i s  i d e n t i f i a b i l i t y  and
a r e s u l t  of  Wald (1949) i t  fo l low s  immediate ly  t h a t
lo
£n!
' g C s J e . u p  ' 
vg ( s i l^0 »ui ) ;
< 0 ,
C4*( i )  i s  thus  seen  to  be s a t i s f i e d .  
C 4 * ( i i )  r e q u i r e s  t h a t  3 r  such t h a t
l im n I. E
n-x» -1  ^i =1
/g(s. 0 , U . )  \
sup
“ ( i t s r “o * v )  '
Hill > r < 0 .
Close examinat ion  of  H oadley 's  p roof  of c o n s i s t e n c y  r e v e a l s  
t h a t  t h i s  c o n d i t i o n  i s  only  r e q u i r e d  when 0 i s  e s s e n t i a l l y  unbounded 
Since we have been a b le  to  propose a bounded pa ram ete r  space  i n  C l ,  
t h i s  c o n d i t i o n  i s  no t  n e c e s s a ry  f o r  our model.
C5: The { £ . . }  a re  measurable f u n c t i o n s  of  {S.}.
a-J a.
This i s  c l e a r l y  s a t i s f i e d .
Condi t ions  f o r  Asymptotic  N o rm a l i ty .
N1: The t r u e  param ete r  va lue  6^  is. an i n t e r i o r  p o i n t  of 0.
C l e a r ly ,  A ,e  ^ > M ^ c a n  be chosen to  s a t i s f y  t h i s  c o n d i t i o n ,
N2: The e s t i m a t e s  must be c o n s i s t e n t .
This  has been dem onst ra ted  by s a t i s f y i n g  c o n d i t i o n s  C1-C5 above.
3 U n  g(S.  |0_,u.))  a2 U n  g (S . | clyu . ) )
N3: ------------ -- ------------ and ----------------r-r-r-r-.-----------  e x i s t .aia aeae'
This c o n d i t i o n  i s  c l e a r l y  s a t i s f i e d ,  s in c e  the
3£.  .
a-J
ae and
9
aeae
e x i s t ,  V j ; the  d e r i v a t i v e s  o f  the { L^ j} a r e  g iven  in  Appendix C,
and L . .  > 0 , V i , j • i j
N4:
r u n  g ( s i | e , u i ))
30DP
I n s p e c t i o n  of  the
i s  a con t inuous  f u n c t i o n  of  _0 .
shows t h a t  t h i s  i s  s a t i s f i e d ,  V j .
a2j i . . 
a-J
aoae '
N5,N6: For th e s e  s t a n d a rd  r e g u l a r i t y  c o n d i t i o n s ,  i t  i s  s u f f i c i e n t
to  show t h a t  d i f f e r e n t i a t i o n  under th e  i n t e g r a l  s ig n  ( tw ice  f o r  N6 )
i s  v a l i d  f o r  the  { £ . . }  .
a-J
This c o n d i t i o n  i s  e a s i l y  checked by e lem en ta ry  c a l c u l u s .
N7: The mean sample in fo rm a t io n  m a t r i x ,  ^ (0) must converge  to
some p o s i t i v e  d e f i n i t e  l i m i t  F ( 0 ) .
To show t h a t  the  mean converges ,  we may appea l  to the  s t r o n g  
law of  l a rg e  numbers. I f  we d e f in e
2 ?a . = a7 ( x . , u .) = Var i  l  —l  l
r32£ n g ( S . | 0 )U.)
303O'
then  by the  Kolmogorov C r i t e r i o n  (see  F e l l e r ,  1968, p . 259),  th e  convergence  
of  the s e r i e s
i s  a s u f f i c i e n t  c o n d i t i o n  f o r  the  s t ro n g  law of l a r g e  numbers to
app ly  to  the  sequence
32£ng(S.J_0,u^)
32 £ n g ( s j j 3 , u ^ )
In N9 we show t h a t  the
30 30 '
3G3_0'
a r e  bounded un i fo rm ly  in  0 , thus  the  v a r i a n c e s
2{cn} must be f i n i t e  and bounded, and the  c r i t e r i o n  i s  s a t i s f i e d .
Thus f o r  given  3££> u £> t ^e l i m i t  m a t r ix  i s  a c o v a r i a n c e  m a t r i x ,
s in c e
3£ng 3£ng
Cov(-^ f  ■ - I 3Y  3e* - s ds
k  - Z
=  F /~32^ g \
\ 3 0k 30£ / *
by N5,N6 above,  which i s  n o n -n e g a t iv e  d e f i n i t e .  Consequen t ly  F(0)
i s  a l s o  n o n -n eg a t iv e  d e f i n i t e .  In o rd e r  to  show t h a t  -1(0) i s
a c t u a l l y  p o s i t i v e  d e f i n i t e ,  and thus  i n v e r t i b l e ,  i t  w i l l  be n e c e s s a r y
to  impose some c o n d i t i o n s  on the  c o v a r i a t e s .  Amemiya (1973) c o n s i d e r s
a s i m i l a r  s i t u a t i o n ,  in  which he p l a c e s  r e s t r i c t i o n s  on the d i s t r i b u t i o n s
of a s e t  of c o v a r i a t e s ,  in  o rd e r  to prove the  c o n s i s t e n c y  and a s y m p to t i c
n o rm a l i t y  of  the  m . £ . e . ' s  f o r  the  Tobin model.  One of  the  c o n d i t i o n s
imposed in  the  d i s c u s s i o n  of  C4 was t h a t  the  c o v a r i a t e s  should
n o t  be c o l l i n e a r .  This  im pl ie s  t h a t
. 1 n  1 ini — £ x . x !n . —i—in-H» 1==1
must be p o s i t i v e  d e f i n i t e ,  p r e c i s e l y  the same c o n d i t i o n  as Amemiya's 
Assumption 3. We c o n j e c tu r e  t h a t  t h i s  i s  a s u f f i c i e n t  c o n d i t i o n  
f o r  the  p o s i t i v e  d e f i n i t e n e s s  of  T (0 ) .
N8 ' s E
■^ 0
3£'ng(Si |0Q,u i ) 3 
lc
^ K*, f o r  0k = e0 , . . . , c .
3£. . 3
T h ere fo re  we need to  show t h a t  the  I— have boundeda 0
e x p e c t a t i o n  V j .  (Hoadley takes  the  e x p e c t a t i o n s  a t  _0q,  a l th o u g h  
our  bounds w i l l  apply everywhere in  0 ) .  We need to  check t h a t
the  fo l low ing  a re  a l l  bounded:
u.  3£. 3 «> 3£. 3
(a) J Pi f 3 ^y)dyj ^  f \~w~\ pi f 3 ( y ) dyj
« 3£. 9 3 3 £ . q 3
(c) J’u J l F ' l  * i f 3 (y)dy;  (d) l~3F"l ° " p i ) :
i  —  _
3£ . , 3
( e )  l l T ' l  O - p ^ ^ u p - q ^ l - F ^ u . ) ) } .
( a ) - ( e )  a r e  e a s i l y  seen  to be bounded f o r  the  d e r i v a t i v e s  w . r . t .  
the  t *ie exPre s s :*-ons o b ta in e d  invo lve  the  c o v a r i a t e s ,  p^ ,
and F^Cu^), a l l  of  which we have seen p r e v i o u s l y  to be bounded.
Cons ider ing  the  d e r i v a t i v e s  w . r . t .  X, then  f o r  e x p r e s s i o n s  
( a ) ,  (b) and (c) we r e q u i r e  t h a t
(f )3pi U (f )C_,| 3f3(y)dy
be bounded,  where 0 S a < b S and ^ ( y )  i s  tbe  Weibul l  d e n s i t y  
f u n c t i o n .  Thus the  i n t e g r a l  r educes  to  f i n i t e  moments of  t h e  W eibu ll  
d i s t r i b u t i o n ,  which a re  bounded.  For ( d ) , the  d e r i v a t i v e  w . r . t .  X 
y i e l d s  z e ro ,  w h i l s t  (e) g ives
u .\ 3c
(?) c I f 3 3d " F 1 (u i ) ) J
{ 1 - p . F . ( u . ) - q . ( 1 - F . ( u . ) ) } 2* i  1 l  l  1 l
which i s  e a s i l y  seen to be bounded.  (See C31 f o r  bounds away from 
0 and 1 on the  d en o m in a to r ) .
When we co n s id e r  the d e r i v a t i v e s  w . r . t .  c ,  f o r  e x p r e s s i o n s  
( a ) ,  (b) and (c)  we r e q u i r e  t h a t  i n t e g r a l s  of  the  form
be bounded,  where 0 ^ a < b ^ 00, and we have a l r e a d y  shown t h i s  
f o r  c o n d i t i o n  C31. For ( d ) , the  r e q u i r e d  d e r i v a t i v e  i s  a g a in  ze ro ,  
and f o r  (e) we o b ta in
~ u . ^ / u . \ 3c ^
i P i - q j l V ^ ) !  . ( t J  { i - y y ) 3
{ , ' p i F i (u i ) " q i ( 1_Fi (ui ) ) } 2
which aga in  i s  e a s i l y  seen to  be bounded.
N9: We r e q u i r e  a bound (uni form in  J3) f o r  each of th e  second
I S2£ng(Si  |_6 , u i )
d e r i v a t i v e s  -------• •  •,  n ea r  0n , which has  a f i n i t e  andI dodo —U
bounded ( 1+6 ) t h  moment. ■ ,
We c o n s id e r  f i r s t  the  i . e .  1 ^ ( 6 0  = P - j ^ ^ - j ^ *  Many of  the
r e q u i r e d  second d e r i v a t i v e s  of  a re  simply f u n c t i o n s  of  p^
and the  c o v a r i a t e s ,  or  a re  z e ro ,  and hence boundedness fo l low s
immedia te ly .  Three ex c e p t io n s  a re  :
r s i 8 *i1i  < . a 3( l )  | j » B, . + 'dyt. ,
3X ;
) l . .  b b,
( i i )  | i -1 S b.  + b , , t .  | t o t .  | ,
3c2 1 2 1  1
a2Jii i d d
( i i i )  l^ r-r-r— | 5 d + d0 t .  + d, l j i n t . l t .  ,1aX8c 1 1 2 i  4 '  i ‘ l  *
where t_^  = s^-£  as b e f o r e ,  and {a^} , {b^} , {d^} a re  f i n i t e  c o n s t a n t s
The e x p e c t a t i o n s  of  th e s e  bounds can c l e a r l y  be shown to  
be f i n i t e  and bounded by the t echn ique  employed f o r  i n t e g r a l s  of  
the  form b
J | £ n t | ^ t Pf ( t ) d t
co n s id e re d  in  C31.
Boundedness of the
3 2£.,;i 2
aeae' fo l low s  in  a ve ry  s i m i l a r  f a s h i o n .
The
?
3“ A
i3 a re  a l l  ze ro ,  o r  f u n c t i o n s  of p. and the  oodo 1
c o v a r i a t e s ,  and so a re  immediate ly  bounded.
The
d2i i4
9030 1 a re  a l l  f u n c t i o n s  of  the  c o v a r i a t e s ,  p^ ,  q^,
X, c and an<  ^ a ^  h ave denominator
which we have shown to  be bounded away from 0 and 1 in  C3". Although  
some of the  e x p re s s io n s  appea r com pl ica ted  i n i t i a l l y ,  the  boundedness  
fo l low s  e a s i l y  from th e  d e f i n i t i o n  of  0 in  C1 and the  bounds 
on the  c o v a r i a t e s  and {u^}.
Thus N9 i s  s a t i s f i e d  f o r  the s imple model.
Cond i t ions  f o r  the  e x p o n e n t i a l  mod e l .
For the  e x p o n e n t i a l  model,  we can proceed  in a s i m i l a r  manner,  
d e f in i n g
£  = (3q , 3 1 , 3 2 , 3 3 ,A,y)
and
h ( s . I 0 ,u . ) = -
* /• * \ 
i d — ) -
p.-f3 <a.)
p i f 3 ( s i )
i f  s .  < u .  ^ s - 6 , y^X l  i
i f  s .  < <», u.  ^ s - 6 , y=Xl  * i  • * '
“ t . / y
u ^ (y~X) s^(y~X)
* * 
l 12( g ) =
Y“ A
- t  , /x
-[pi ( 1- e  yA ) - q i ( yX yX N-,e 1 - e  1 ) J
i f  s^<«>, u X s - 6 ,y^A,
-75—  (u .p . + ( t  . - u . )q . ) i f  s.<co u .<s - (S .y= 12 i r i  1 1 n i  1 * 1  »1
*  / *  XL . 3 (8 ) -  1 -  p. i f  s.=°°, u . =co,
Li.4 ^£ ) = 1“p i F l ^Ui ^ “q i / 1“ F 1 i f  s i =:0O» u i <c°»
where p_^  and q^ a re  as d e f in e d  f o r  the  simple model, 
t ^  = s ^ -6  (6>0:see § 5 .3 ) ,
f 3 ( S i >  -
f 3 ( s i } =
, - ^ / Y  - ^ / X
— r- (e - e  ) i f  t . = s . - 6>0y-X l  i
0
- t . / X
t  .el
i f  t -  = s . - 6^0 ,i  l  >
i f  t .  = s.-<5>0L 1
i f  t .  = s . - 6^0 ,l  l  *
W  -
-u . /X
1- e  1 i f  u. ^ 0 ,i
0 e l s e w h e r e ,
The {L^ j } r e p r e s e n t  the J l . c . ' s  f o r  the fo u r  types  o f  c o n t a c t s  
f o r  the  e x p o n e n t i a l  model of  Chapter  5. The a l t e r n a t i v e  forms of
ft ft
L.„ and L.„ accommodate the cases  y f  X and y = X.
i 1 i 2  1 1
The proof  of  Hoad iey 's  c o n d i t i o n s  fo l low s  very  much as f o r
the  simple model above,  bu t  a ppea l ing  to  the f i n i t e  moments of  the
gamma, r a t h e r  than Weibull ,  d i s t r i b u t i o n  where a p p r o p r i a t e .  When
ft ft
checking some of the c o n d i t i o n s  f o r  (y^X), we need f i r s t
to impose the c o n s t r a i n t
IY“ ^ I > e
f o r  some e > 0, the  case y = X being  d e a l t  w i th  s e p a r a t e l y .  Obvious ly
ft vv .
= » and L_^ = so t h e se  £ . c . ' s  have a l r e a d y  been
shown to  s a t i s f y  the  c o n d i t i o n s .
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